
Math 2A – Multivariate Calculus – Chapter 15 Test – Fall ’11 Name_________________________________ 
Show work for credit.  Write all responses on separate paper.  No calculators. 

1. Find the volume the tetrahedron bounded by 2ݔ ൌ ݔ3 ,ݕ5 ൅ ݕ5 ൅ ݖ ൌ ݖ ,25 ൌ 0 and ݔ ൌ 0 by setting up and 
evaluating an iterated integral.  See the diagram at right. 
 
 

2. Sketch the region of integration for ׬ ׬ ݂ሺݔ, ሻగ/ଷୟ୰ୡ୲ୟ୬௫ݕ ଷ଴√ݔ݀ݕ݀   and change  
the order of integration. 
 

 
3. Define the improper integral  ܫ ൌ ∬ℝమ ݁ି൫௫మା௬మ൯݀ܣ ൌ lim௔→ஶ∬ௌೌ ݁ି൫௫మା௬మ൯݀ܣ 

where Sa  is the square with vertices ሺെܽ,െܽሻ, ሺܽ, െܽሻ, ሺܽ, ܽሻ and ሺെܽ, ܽሻ. 
Use this to show that ׬ ݁ି௫మ݀ݔஶஶ ׬ ݁ି௬మ݀ݕஶஶ ൌ  ߨ
 
 

 

4. Evaluate ∭ ாܸ݀ݔ  is bounded by the cylinder ݔ ൅ ଶݖ ൌ 4, and the planes x + y = 4, x = 0, y = 0, and z = 0. 
  
 

5. Consider the density ߩሺݔ, ,ݕ ሻݖ ൌ 1 ൅ ଶݔ ൅ ଶݕ ൅  ଶݖ
over the volume bounded by ݔଶ ൅ ଶݖ ൌ ݔ ,4 ൅ ݕ2 ൌ ݖ ,2 ൌ ݕ ,0 ൌ 0 and ݔ ൌ 0, as shown at right.  
Set up but do not evaluate three iterated integrals to 
compute moments about the 
a. xy-plane. 
b. xz-plane. 
c. yz-plane. 

 
6. Use spherical coordinates to find the volume of the part of a sphere of ߩ ൌ  that lies between the ߶ݏ݋ܿ

cones ߶ ൌ ߶ and 4/ߨ ൌ  .3/ߨ
 
 

7. Determine the value of ∬ ට ௫ା௬௫ିଶ௬ ஽ܣ݀  where D is the region in ℝ2 enclosed by the lines ݕ ൌ ௫ଶ, ݕ ൌ 0, and ݔ ൅ ݕ ൌ 1.  Hint: make a convenient change of variables.  

 

 

 



Math 2A – Multivariate Calculus – Chapter 15 Test Solutions. 
 

1. Find the volume the tetrahedron bounded by 2ݔ ൌ ݔ3 ,ݕ5 ൅ ݕ5 ൅ ݖ ൌ ݖ ,25 ൌ 0 and ݔ ൌ 0 by setting up and 
evaluating an iterated integral.  See the diagram at right. 
SOLN:  The point of intersection of the planes with the  

xy-plane is the point satisfying the system 
ݔ3 ൅ ݕ5 ൌ ݔ252 െ ݕ5 ൌ 0  

that is, ሺݔ, ሻݕ ൌ ሺ5,2ሻ.  To evaluate this as a single integral, 
do the bound for y last: ଶ௫ହ ൑ ݕ ൑ ଶହିଷ௫ି௭ହ .  Then you can 

evaluate either ׬ ׬ ׬ మఱషయೣష೥ఱమఱೣݕ݀ ଶହିଷ௫଴ݖ݀ ହ଴ݔ݀  or ׬ ׬ ׬ మఱషయೣష೥ఱమఱೣݕ݀ మఱష೥య଴ݔ݀ ହ଴ݖ݀  .   Other iterations mean splitting 

the integral into two parts.  Here are the computations: 
 

න න න ଶହିଷ௫ି௭ହݕ݀
ଶ௫ହ

ଶହିହ௫ݖ݀
଴ ݔ݀ ൌ න න 25 െ ݔ5 െ 5ݖ ଶହିହ௫ݖ݀

଴ ହݔ݀
଴

ହ
଴ ൌ 15න ሺ25 െ ݖሻݔ5 െ ଶ2ݖ ቤ଴ଶହିହ௫ ହݔ݀

଴  

ൌ 15නሺ25 െ ሻଶݔ5 െ ሺ25 െ ሻଶ2ݔ5 ହݔ݀
଴ ൌ 110නሺ25 െ ହݔሻଶ݀ݔ5

଴  

ൌ െ 1150 ሺ25 െ ሻଷ|଴ହݔ5 ൌ 0 ൅ 6256  

 

2. Sketch the region of integration for ׬ ׬ ݂ሺݔ, ሻగ/ଷୟ୰ୡ୲ୟ୬௫ݕ ଷ଴√ݔ݀ݕ݀   and change  
the order of integration. 
SOLN:  Using Mathematica, the following plot illustrates the region of integration: 

 
SOLN:  ݕ ൌ arctan ݔ ⟺ ݔ	 ൌ tan ׬ so switching the bounds of integration yields ,	ݕ ׬ ݂ሺݔ, ሻ୲ୟ୬௬଴ݕ గ/ଷ଴ݕ݀ݔ݀  
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5. Consider the density ߩሺݔ, ,ݕ ሻݖ ൌ 1 ൅ ଶݔ ൅ ଶݕ ൅  ଶ overݖ
the volume bounded by ݔଶ ൅ ଶݖ ൌ ݔ ,4 ൅ ݕ2 ൌ ݖ ,2 ൌ ݔ ,0 ൌ 0	and ݕ ൌ 0, as shown at right.  
Set up but do not evaluate three iterated integrals to 
compute moments about the 
a. xy-plane. 

௫௬ܯ ൌ න න න ሺ1ݖ ൅ ଶݔ ൅ ଶݕ ൅ ଶି௫ଶݕଶሻ݀ݖ
଴ ସି௭మ√ݔ݀

଴ ଶݖ݀
଴   

b. xz-plane. ܯ௫௭ ൌ ׬ ׬ ׬ ሺ1ݔ ൅ ଶݔ ൅ ଶݕ ൅ ඥሺସି௫మሻ଴ݖଶሻ݀ݖ ଶିଶ௬଴ݕ݀ ଵ଴ݕ݀    
 

c. ݖݕ െ plane. 
௬௭ܯ ൌ න න න ሺ1ݔ ൅ ଶݔ ൅ ଶݕ ൅ ඥሺସି௫మሻݖଶሻ݀ݖ

଴ ସି௫ݕ݀
଴ ଶݔ݀

଴  

6. Use spherical coordinates to find the volume of the part of a sphere of ߩ ൌ  that lies between the ߶ݏ݋ܿ
cones ߶ ൌ ߶ and 4/ߨ ൌ  .3/ߨ

SOLN:  ׬ ׬ ׬ ଶߩ sin߶݀ߠ݀߶݀ߩୡ୭ୱథ଴గ/ଷగ/ସଶగ଴ ൌ ଶగଷ ׬ cosଷ ߶ sin߶ ݀߶గ/ଷగ/ସ ൌ െగ଺ cosସ ߶ቚഏరഏయ ൌ െ గ଺ ቀ ଵଵ଺ െ ଵସቁ ൌ గଷଶ 
 

7. Determine the value of ∬ ට ௫ା௬௫ିଶ௬ ஽ܣ݀  where D is the region in ℝ2 enclosed by the lines ݕ ൌ ௫ଶ, ݕ ൌ 0, and ݔ ൅ ݕ ൌ 1.  Hint: make a convenient change of variables.  
SOLN:  Let ݑ ൌ ݔ ൅ ݒ and ݕ ൌ ݔ െ ݔso that 3 ݕ2 ൌ ݑ2 ൅ ݕand 3 ݒ ൌ ݑ െ  whence ,ݒ

 ቚడሺ௫,௬ሻడሺ௨,௩ሻቚ ൌ ቮଶଷ ଵଷଵଷ െ ଵଷቮ ൌ ቚെ ଶଽ െ ଵଽቚ ൌ ଵଷ  and the boundary ݕ ൌ ௫ଶ becomes ݒ ൌ ݕ ,0 ൌ 0 is transformed to 

ݒ ൌ 0 and ݔ ൅ ݕ ൌ 1 to ݑ ൌ 1, so that ∬ ට ௫ା௬௫ିଶ௬ ஽ܣ݀ ൌ ଵଷ ׬ ׬ ට௨௩௨଴ ଵ଴ݒ݀ ݑ݀ ൌ ଶଷ ׬ หଵ଴ݒݑ√ ଴௨ ݑ݀ ൌ ଵଷ 

 


