Math 2A — Chapter 16 Problems — Fall ‘11. Name

Show your work for credit. Write all responses on separate paper. Do hot abuse a calculator.

1. LetF = (siny,x cosy,cos z).
a Show that F isagradient field
b. Evaluategﬁc F - dr where C isthecurve7(t) = (cost,2sint,cos2t), 0 <t <2m.

2. Evaluate gﬁc F-drforF =(z —vy,x—2z7y—x)and C: 7(t) = (cost ,sint, 1)
a. directly asalineintegral.
b. using Stokes' theorem.

3. Evaluate the surface integral z

I J1+x2+y2dSwhereS =5, +S, + 53 as Sf
shown in the diagram. Note that the surfaces can : "|. |

be parameterized as

$,:7(0,z) = (cos 0,sinb,z) , where ¥

0<f6<?2mand0<z<1+cosH, \ I B 5
S,:7(R,0) = (Rcos0,Rsin6,0), where R I ;
0<R<1and0 <6 < 2m, and £ -’*_J*’--nﬁ —_
S3:7(R,0) = (RcosO,Rsinf,1+ RcosB) o al-'""""—f'_
where0 < R <1and0 <6 < 2. 'j‘? —
8

4, LetF = (zx,yz,xy).
a. Compute the flux of F through the surface S of
problem #3, above.

b. Use Stokes Theorem to compute
[f; V x F - dS where Sisthe part of the sphere -
x2 + y? + z? = 49 that liesinside the cylinder
x% + y? = 36 and above the xy-plane, as
shown at right.




Math 2A — Chapter 16 Problem Solutions — Fall ‘11

1. LetF = (siny,x cosy,cos z).
a Showtha F isagradient field
SOLN: F = thaef(x,y,z) = xsiny + sinz
b. Evaluategﬁc F - dr where C isthecurve7(t) = (cost,2sint,cos2t), 0 <t <2m.
SOLN: The quick answer hereisthat thisis zero because the fundamental theorem of line integrals

says gﬁc F-dr =0for any closed curve C in a conservative vector field. Working through the
details we have that
$. F-dr= fozn(sin(Z sint),costcos(2sint), cos(cos2t)) - (—sint,2 cost,—2sin2t)dt =
21
f —sin(2sint) sint +2 cos? t cos(2 sint) — 2 cos(cos 2t) sin 2t dt
0

Now it doesn’t seem readily obvious how to evaluate thisusing the FTC. In general, we have

of of 9 by ) )
§ 7 a=¢ LT wnanan = [ r0a=rG0) - 1G@)
In this case that would bef(1 0,1) — £(1,0,1) = 0. Breaking it down to the individual components,
say, fb af(xyz) Zdr = —fzn sinysintdt = — fzn sin(2 sint) sin t dt, substitute u = sint so

thaIdu—costdt and the integral becomes — f°% 0. Similarly, fbaf(xyz)dydt =

fo 2xcosy costdt = fo 2 cos? t cos(2sint) dt. Substituting u = sint we have du = cost dt
whence thisintegral becomes [ 2V — uZ sin 2u du = 0.
2. EBEvauate 95C F-drforF = (z—y,x—z,y—x)andC: 7(t) = (cost ,sint,1)
a. directly asalineintegral.
SOLN: 996 F.dr= f021r<1 —sint,cost — 1,sint — cost) - (—sint,cost,0)dt

21T
=f —sint +sin?t + cos?t —costdt =t + cost — sint|3" = 2n
0

b. using Stokes theorem.
SOLN: The simplest surface surrounded by this boundary is7(R,0) = (R cos 8,R sin 6, 1) for

{ j k
cosf sinf 0
—Rsinf6 RcosfO 0

which dS = (%, X 7)dRd6 = dRd6 = (0,0, R)dRdO

We compute the curl by

i j k
VxE=| 2 9 2 =@ -(1),1-(-1),1-(-1)) =(2,2,2) so that
ox dy 0z

Z—y X—2Z y—X

2T 1
jgﬁ-d_r’zﬂ?xﬁ-d_s’zff(z,z,Z)-(o,o,dede=f f 2RdRdO = 2
C D D 0 0



3. Evauatethesurfaceintegral ff. /1 + x? +y2dS G
where S = §; + S, + S5 as shown in the diagram.
Note that the surfaces can be parameterized as “A __'
S,:7(8,2z) = (cos ,sin6,z) , where "'\

0<f0<?2mand0<z<1+cos0, 4 I R
S,:7(R,0) = (R cos6,Rsin6,0), where e

0<R<1land0<6 <2mand '
S3:7(R,0) = (RcosO,Rsinf,1+ Rcosh) 'J;,?

where0 <R <1land0 <6 < 2m. !

SOLN: ff; 1+ x2 +y2d5=+ff51,/1+x2 +y2d5+ff52,/1+x2 +y2d5+ffs3 1+ x% +y2dS
p ik

)
—sinf cosf@ O

v'l

e o
EI b et
i

— X

For S;:7(0,z) = (cos 0,sin6,z), dS = d@dz = |{cos 8,sin8,0)|dOdz = dOdz

0 0 1
Soff51 [1 + x2 +y2dS=foznf01+cose\/§d9d2=\/§f02n1+C059d9=2\/§1-[
i j k
For S,:#(R,0) = (Rcos8,Rsin6,0), dS = |_Rsing Rcosgd 0|d6dR =1(0,0,—R)|dOdR
cos B sin @ 0 ,
2T 1 2 27 E 2

Soffs2 J1+x2 +y2dS = [ [INT+R?RdRd6 = n [ vudu = 2| =?(2\/7— 1)

i J k

For S;:7(R,0) = (Rcos@,Rsin0,1+ Rcos0),dS =| cos sin @ cos® |dRdO =

—Rsinf Rcosf —Rsinf
(=R, 0,R)|dRd0 0 [ T+ x> +y2dS = V2 [} [; VT + R?RdRd6 = (2 - 2)

All together, [f, /T +x% +y%dS =2v2m + 2 (2v2 — 1) + (2 - V2) = Z (4 + 7V2)

4. LetF = (zx,yz,xy).
a. Compute the flux of F through the surface S of problem #3, above.

SOLN: According to Gauss' Theorem (The Divergence Theorem) f. F - dS = [f[. V- FdV. Here

= = d0F @ OF
F=24 2
v 6x+6y

flux = ¢, F-dS= f021r fol f01+cose 2zdz rdrdf = fozn(l + cos 6)2d6 fol rdr =

04 2s 6+0+sin292”1_3n
- SMETST T, 27 2

oF
4+ —=2z%0
0z

b. Use Stokes Theorem to compute

I V x F - dS where Sisthe part of the sphere x? + y2 + z2 = 49

that liesinside the cylinder x2? + y? = 36 and above the xy-plane,
as shown at right.

SOLN: The boundary of the surfaceis# = (6 cos t, 6 sint,v13)

2T
ﬂﬁxﬁ-dS =§ F-dr= (6v13 cost,6V13sint,36 costsint){—6sint, 6 cost,0)dt
c 0

=[" 0dt = 0.



On the other hand, the surface integral is computed by finding

Pk
VxF=|2 92 3|=(x—1y x—1y,0)and parameterizing the sphere as
dx Jdy 0z

ZX zy Xy
7(¢,0) = (7sin¢ cosH,7 sin¢psin 6,7 cos ¢p), we have
i j k

Ty XTg =|7cos¢pcosd 7cos¢psing —7sing|=

—7sin¢gsinf 7sing cosf 0
(49sin¢p cos 6,49 sin® ¢ sin 6,49 cos ¢ sin ¢ ) so that |7, X 75| = 49sin ¢.
ds = 49(sin ¢ cos 8, sin ¢ sin B, cos ¢ ) sin p d¢pdb
And so (check this)

I VxF.dS=
arcsin® 2w . . . . . .
fo 7 fo 343 sin ¢ (cos 6 — sin 8)(1,1,0) - (sin ¢ cos O, sin ¢ sin G, cos ¢ ) sin ¢ dppdb

arcsin7 21
= 343J sin3 ¢d¢j cos20df =0
0 0



