
Math 2A – Chapter 16 Problems – Fall ‘11.   Name______________________________ 
Show your work for credit.  Write all responses on separate paper.  Do not abuse a calculator. 

 
1. Let ܨԦ ൌ 〈sin ݕ , ݔ cos ݕ , cos     .〈ݖ

a. Show that ܨԦ is a gradient field  
b. Evaluate ∮ Ԧܨ ⋅ ሬሬሬሬԦ஼ݎ݀  where C is the curve ݎԦሺݐሻ ൌ 〈cos ݐ , 2 sin ݐ , cos 0			,〈ݐ2 ൑ ݐ ൑  . ߨ2

 
2. Evaluate  ∮ Ԧܨ ⋅ ሬሬሬሬԦ஼ݎ݀  for ܨԦ ൌ ݖ〉 െ ,ݕ ݔ െ ,ݖ ݕ െ ሻݐԦሺݎ :and C 〈ݔ ൌ 〈cos 	ݐ , sin ݐ , 1〉 

a. directly as a line integral. 
b. using Stokes’ theorem. 

 
 

3. Evaluate the surface integral ∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵௌݕ  where ܵ ൌ ଵܵ ൅ ܵଶ ൅ ܵଷ as 
shown in the diagram.  Note that the surfaces can 
be parameterized as 	ଵܵ: ,ߠԦሺݎ ሻݖ ൌ 〈cos ,ߠ sin ,ߠ    where  ,	〈ݖ
       0 ൑ ߠ ൑ and 0 ߨ2 ൑ ݖ ൑ 1 ൅ cos :ଶܵ ,ߠ ,Ԧሺܴݎ ሻߠ ൌ 〈ܴ cos ,ߠ ܴ sin ,ߠ 0〉,  where  
       0 ൑ ܴ ൑ 1 and 0 ൑ ߠ ൑ :and ܵଷ ,ߨ2 ,Ԧሺܴݎ ሻߠ ൌ 〈ܴ cos ,ߠ ܴ sin ,ߠ 1 ൅ ܴ cos   〈ߠ
       where 0 ൑ ܴ ൑ 1 and 0 ൑ ߠ ൑  .ߨ2

 
4. Let ܨԦ ൌ ,ݔݖ〉 ,ݖݕ    .〈ݕݔ

a. Compute the flux of ܨԦ through the surface ܵ	of 
problem #3, above. 
 

b. Use Stokes’ Theorem to compute  ∬ ሬሬԦ׏ ൈ Ԧܨ ⋅ ݀ܵሬሬሬሬԦௌ  where S is the part of the sphere ݔଶ ൅ ଶݕ ൅ ଶݖ ൌ 49 that lies inside the cylinder ݔଶ ൅ ଶݕ ൌ 36 and above the xy-plane, as 
shown at right.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 



Math 2A – Chapter 16 Problem Solutions  – Fall ‘11 
 

1. Let ܨԦ ൌ 〈sin ݕ , ݔ cos ݕ , cos     .〈ݖ
a. Show that ܨԦ is a gradient field  

SOLN:  ܨԦ ൌ ,ݔሬሬሬሬԦ where ݂ሺ݂׏ ,ݕ ሻݖ ൌ ݔ sin ݕ ൅ sin  	ݖ
b. Evaluate ∮ Ԧܨ ⋅ ሬሬሬሬԦ஼ݎ݀  where C is the curve ݎԦሺݐሻ ൌ 〈cos ݐ , 2 sin ݐ , cos 0			,〈ݐ2 ൑ ݐ ൑  . ߨ2

SOLN:  The quick answer here is that this is zero because the fundamental theorem of line integrals 
says ∮ Ԧܨ ⋅ ሬሬሬሬԦ஼ݎ݀ ൌ 0 for any closed curve C in a conservative vector field.  Working through the 
details we have that ∮ Ԧܨ ⋅ ሬሬሬሬԦ஼ݎ݀ ൌ ׬ 〈sinሺ2 sin ሻݐ , cos ݐ cosሺ2 sin ሻݐ , cosሺcos 〈ሻݐ2 ⋅ 〈െ sin ݐ , 2 cos ݐ , െ2 sin ଶగ଴	ݐ݀〈ݐ2 ൌ	 න െsinሺ2 sin ሻݐ sin ݐ ൅2	cosଶ ݐ cosሺ2 sin ሻݐ െ 2 cosሺcos ሻݐ2 sin ݐ2 ଶగݐ݀

଴  

Now it doesn’t seem readily obvious how to evaluate this using the FTC.   In general, we have ර ሬሬሬሬԦ݂׏ ⋅ ሬሬሬሬԦ஼ݎ݀ ൌ ර ݔ߲݂߲〉 , ݕ߲݂߲ , 〈ݖ߲݂߲ ⋅ ,ݔ݀〉 ,ݕ݀ ஼〈ݖ݀ ൌ න ݐ݀݀ ݂ሺݐሻ݀ݐ௕
௔ ൌ ݂൫ݎԦሺܾሻ൯ െ ݂൫ݎԦሺܽሻ൯ 

In this case that would be ݂ሺ1,0,1ሻ െ ݂ሺ1,0,1ሻ ൌ 0.  Breaking it down to the individual components, 
say,  ׬ డ௙ሺ௫,௬,௭ሻడ௫ ௗ௫ௗ௧ ௕௔	ݐ݀ ൌ െ׬ sin ݕ sin ݐ ଶగ଴ݐ݀ ൌ െ׬ sinሺ2 sin ሻݐ sin ݐ ଶగ଴ݐ݀ , substitute ݑ ൌ sin  so ݐ

that ݀ݑ ൌ cos ݐ ׬and the integral becomes െ ݐ݀ ௨ୱ୧୬ሺଶ௨ሻௗ௨√ଵି௨మ଴଴ ൌ 0.  Similarly, ׬ డ௙ሺ௫,௬,௭ሻడ௬ ௗ௬ௗ௧ ௕௔	ݐ݀ ൌ׬ ݔ2 cos ݕ 	cos ݐ ଶగ଴ݐ݀ ൌ ׬ 2	cosଶ ݐ cosሺ2 sin ሻݐ ଶగ଴ݐ݀ .  Substituting ݑ ൌ sin ݑ݀  we have ݐ ൌ cos ݐ  ݐ݀
whence this integral becomes ׬ 2√1 െ ଶݑ sin ݑ2 ଵଵݑ݀ ൌ 0. 

2. Evaluate  ∮ Ԧܨ ⋅ ሬሬሬሬԦ஼ݎ݀  for ܨԦ ൌ ݖ〉 െ ,ݕ ݔ െ ,ݖ ݕ െ ሻݐԦሺݎ :and C 〈ݔ ൌ 〈cos 	ݐ , sin ݐ , 1〉 
a. directly as a line integral. 

SOLN:  ∮ Ԧܨ ⋅ ሬሬሬሬԦ஼ݎ݀ ൌ ׬ 〈1 െ sin ,ݐ cos ݐ െ 1, sin ݐ െ cos 〈ݐ ⋅ 〈െ sin ݐ , cos ݐ , ଶగ଴ݐ݀〈0  ൌ න െsin ݐ ൅ sinଶ ݐ ൅ cosଶ ݐ െ cos ଶగݐ
଴ ݐ݀ ൌ ݐ ൅ cos ݐ െ sin ଴ଶగ|ݐ ൌ  ߨ2

b. using Stokes’ theorem. 
SOLN:  The simplest surface surrounded by this boundary is ݎԦሺܴ, ሻߠ ൌ 〈ܴ cos ,ߠ ܴ sin ߠ , 1〉 for 

which ݀ܵሬሬሬሬԦ ൌ ሺݎԦோ ൈ ߠԦఏሻܴ݀݀ݎ ൌ อ ଓ̂ ଔ̂ ෠݇cos ߠ sin ߠ 0െܴ sin ߠ ܴ cos ߠ 0อ ߠܴ݀݀ ൌ 〈0,0,  ߠܴ݀݀〈ܴ

We compute the curl by  

ሬሬԦ׏ ൈ Ԧܨ ൌ ተ ଓ̂ ଔ̂ ෠݇డడ௫ డడ௬ డడ௭ݖ െ ݕ ݔ െ ݖ ݕ െ ተݔ ൌ 〈1 െ ሺെ1ሻ, 1 െ ሺെ1ሻ, 1 െ ሺെ1ሻ〉 ൌ 〈2,2,2〉 so that  

රܨԦ ⋅ ሬሬሬሬԦ஼ݎ݀ ൌ ඵ׏ሬሬԦ ൈ Ԧܨ ⋅ ݀ܵሬሬሬሬԦ஽ ൌ ඵ〈2,2,2〉 ⋅ 〈0,0, ஽ߠܴ݀݀〈ܴ ൌ න න ଵߠ2ܴܴ݀݀
଴

ଶగ
଴ ൌ  ߨ2

 
  



3. Evaluate the surface integral ∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵௌݕ  
where ܵ ൌ ଵܵ ൅ ܵଶ ൅ ܵଷ as shown in the diagram.  
Note that the surfaces can be parameterized as 	ଵܵ: ,ߠԦሺݎ ሻݖ ൌ 〈cos ,ߠ sin ,ߠ    where  ,	〈ݖ
       0 ൑ ߠ ൑ and 0 ߨ2 ൑ ݖ ൑ 1 ൅ cos :ଶܵ ,ߠ ,Ԧሺܴݎ ሻߠ ൌ 〈ܴ cos ,ߠ ܴ sin ,ߠ 0〉,  where  
       0 ൑ ܴ ൑ 1 and 0 ൑ ߠ ൑ :and ܵଷ ,ߨ2 ,Ԧሺܴݎ ሻߠ ൌ 〈ܴ cos ,ߠ ܴ sin ,ߠ 1 ൅ ܴ cos   〈ߠ
       where 0 ൑ ܴ ൑ 1 and 0 ൑ ߠ ൑   .ߨ2

 
SOLN: ∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵݕ ൌௌ ൅∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵௌభݕ ൅∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵௌమݕ ൅∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵௌయݕ  

For ଵܵ: ,ߠԦሺݎ ሻݖ ൌ 〈cos ,ߠ sin ,ߠ ܵ݀  ,	〈ݖ ൌ อ ଓ̂ ଔ̂ ෠݇െ sin ߠ cos ߠ 00 0 1อ ݖ݀ߠ݀ ൌ |〈cos ߠ , sin ߠ , ݖ݀ߠ݀|〈0 ൌ    ݖ݀ߠ݀

So ∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵݕ ൌ ׬ ׬ ଵାୡ୭ୱఏ଴ଶగ଴ௌభݖ݀ߠ2݀√ ൌ ׬2√ 1 ൅ cos ߠ ଶగ଴ߠ݀ ൌ  ߨ2√2

For ܵଶ: ,Ԧሺܴݎ ሻߠ ൌ 〈ܴ cos ,ߠ ܴ sin ,ߠ 0〉,  ݀ܵ ൌ อ ଓ̂ ଔ̂ ෠݇െܴ sin ߠ ܴ cos ߠ 0cos ߠ sin ߠ 0อ ܴ݀ߠ݀ ൌ |〈0,0, െܴ〉|ܴ݀݀ߠ  

So ∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵݕ ൌ ׬ ׬ √1 ൅ ܴଶܴܴ݀݀ߠଵ଴ଶగ଴ௌమ ൌ ߨ ׬ ଶଵݑ݀ݑ√ ൌ ଶగଷ యమቚଵଶݑ ൌ ଶగଷ ൫2√2 െ 1൯   
For ܵଷ: ,Ԧሺܴݎ ሻߠ ൌ 〈ܴ cos ,ߠ ܴ sin ,ߠ 1 ൅ ܴ cos ܵ݀ ,〈ߠ ൌ อ ଓ̂ ଔ̂ ෠݇cos ߠ sin ߠ cos െܴߠ sin ߠ ܴ cos ߠ െܴ sin อߠ ߠܴ݀݀ ൌ|〈െܴ, 0, ∬ so ߠܴ݀݀|〈ܴ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵݕ ൌ ׬2√ ׬ √1 ൅ ܴଶܴܴ݀݀ߠଵ଴ଶగ଴ௌయ ൌ ൫2ߨ െ √2൯ 
All together, ∬ ඥ1 ൅ ଶݔ ൅ ଶ݀ܵݕ ൌௌ ߨ2√2 ൅ ଶగଷ ൫2√2 െ 1൯ ൅ ൫2ߨ െ √2൯ ൌ గଷ ൫4 ൅ 7√2൯ 
 
4. Let ܨԦ ൌ ,ݔݖ〉 ,ݖݕ    .〈ݕݔ

a. Compute the flux of ܨԦ through the surface ܵ	of problem #3, above. 
SOLN: According to Gauss’ Theorem (The Divergence Theorem) ∯ Ԧܨ ⋅ ݀ܵሬሬሬሬԦௌ ൌ ∭ ሬሬԦ׏ ⋅ Ԧܸ݀ாܨ .  Here ׏ሬሬԦ ⋅ Ԧܨ ൌ డிడ௫ ൅ డிడ௬ ൅ డிడ௭ ൌ   so ݖ2

flux = ∯ Ԧܨ ⋅ ݀ܵሬሬሬሬԦௌ ൌ ׬ ׬ ׬ ଵାୡ୭ୱఏ଴ଵ଴ଶగ଴ߠ݀ݎ݀ݎ	ݖ݀ݖ2 ൌ ׬ ሺ1 ൅ cos ߠሻଶ݀ߠ ׬ ଵ଴ଶగ଴ݎ݀ݎ ൌ ൌ ߠ ൅ 2 sin ߠ ൅ 2ߠ ൅ sin 4ߠ2 ฬ଴ଶగ 12 ൌ 2ߨ3 	 
b. Use Stokes’ Theorem to compute  ∬ ሬሬԦ׏ ൈ Ԧܨ ⋅ ݀ܵሬሬሬሬԦௌ  where S is the part of the sphere ݔଶ ൅ ଶݕ ൅ ଶݖ ൌ 49 

that lies inside the cylinder ݔଶ ൅ ଶݕ ൌ 36 and above the xy-plane, 
as shown at right. 
SOLN:  The boundary of the surface is ݎԦ ൌ 〈6 cos ݐ , 6 sin ݐ , √13〉 ඵ׏ሬሬԦ ൈ Ԧܨ ⋅ ݀ܵሬሬሬሬԦௌ ൌ ර Ԧܨ ⋅ ሬሬሬሬԦ஼ݎ݀ ൌ න 〈6√13 cos ݐ , 6√13 sin ݐ , 36 cos ݐ sin െ6〉〈ݐ sin ݐ , 6 cos ݐ , ଶగݐ݀〈0

଴  

׬= ଶగ଴ݐ0݀ ൌ 0. 
 
 



On the other hand, the surface integral is computed by finding 

ሬሬԦ׏  ൈ Ԧܨ ൌ ተ ଓ̂ ଔ̂ ෠݇డడ௫ డడ௬ డడ௭ݔݖ ݕݖ ተݕݔ ൌ ݔ〉 െ ,ݕ ݔ െ ,ݕ 0〉 and parameterizing the sphere as 

,߶Ԧሺݎ ሻߠ ൌ 〈7 sin߶ cos ߠ , 7 sin߶ sin ߠ , 7 cos߶〉, we have ݎԦథ ൈ Ԧఏݎ ൌ ቮ ଓ̂ ଔ̂ ෠݇7 cos ߶ cos ߠ 7 cos߶ sin ߠ െ7 sin߶െ7 sin߶ sin ߠ 7 sin߶ cos ߠ 0 ቮ ൌ〈49 sinଶ߶ cos ߠ , 49 sinଶ ߶ sin ߠ , 49 cos߶ sin߶	〉 so that หݎԦథ ൈ Ԧఏหݎ ൌ 49 sin߶.   
 ݀ܵሬሬሬሬԦ ൌ 49〈sin	߶ cos ߠ , sin	߶ sin ߠ , cos߶	〉 sin߶  ߠ݀߶݀
And so (check this) ∬ ሬሬԦ׏ ൈ Ԧܨ ⋅ ݀ܵሬሬሬሬԦௌ ൌ׬ ׬ 343 sin߶ ሺcos ߠ െ sin ሻ〈1,1,0〉ߠ ⋅ଶగ଴ୟ୰ୡୱ୧୬లళ		଴ 〈sin	߶ cos ߠ , sin	߶ sin ߠ , cos ߶	〉 sin߶ ൌ ߠ݀߶݀ 343න sinଷ ߶݀߶න cos ଶగߠ2

଴
ୟ୰ୡୱ୧୬଺଻		଴ ߠ݀ ൌ 0 


