
Math 2B – Linear Algebra – Test 2 – (in class makeup)    Name____________________________ 
Write all responses on separate paper.  Show your work for credit. 

1. Consider ܣ ൌ ൥
1 2 2 1
2 1 4 5
2 4 4 2

൩ 

a. Find a basis for row space. 
SOLN:  

b. Use the Gram-Scmidt method to find an orthogonal basis for the row space.  Hint: use the 
vectors in rref(A) and start with the simplest vector. 

c. Find a basis for the null space. 
d. Find a basis for the column space. 
e. Find a basis for the left null space. 
f. Verify the Fundamental Theorem of Linear Algebra for this matrix (both parts). 

 
2. With ݖ ൌ 1,0,3,1 at ሺݔ, ሻݕ ൌ ሺ01ሻ, ሺ1,0ሻ, ሺെ1,0ሻ, ሺ0, െ1ሻ,  set up and solve the normal equations 

ොݔܣ்ܣ ൌ ݖ for the least squares plane ்ܾܣ ൌ ݔܣ ൅ ݕܤ ൅ ݌ and find the projection ܥ ൌ  ො and theݔܣ
error ݁ ൌ ܾ െ  .݌
 

3. The vectors ሺ1,2,2,0ሻ and ሺ0,1, െ1,2ሻ are orthogonal.  Divide them by their lengths to find 
orthonormal vectors ݍଵሬሬሬԦ and ݍଶሬሬሬሬԦ.  Put those into the columns of ܳ and multiply ்ܳܳ and ்ܳܳ.   
 

4. Find orthogonal vectors A, B, C, by Gram-Schmidt from Ԧܽ ൌ ሺ1,1,3,5ሻ  ሬܾԦ ൌ ሺ1,1,1, െ1ሻ and 
Ԧܿ ൌ ሺ1,1, െ1,1ሻ. 
 

5. If ݑሬԦ is a unit vector, then ܳ ൌ ܫ െ ሬԦݑ ሬԦ் is a reflection matrix.  Find ܳ fromݑሬԦݑ2 ൌ ሺ3,4ሻ/5.   
Draw the reflection when ܳ multiplies (0,1). 
 

  



Math 2B – Linear Algebra – Test 2 – (in class makeup)  Solutions 

1. Consider ܣ ൌ ൥
1 2 2 1
2 1 4 5
2 4 4 2

൩ 

a. Find a basis for row space. 

SOLN: ܣ ൌ ൥
1 2 2 1
2 1 4 5
2 4 4 2

൩~ ൥
1 2 2 1
0 െ3 0 3
0 െ3 0 3

൩~ ൥
1 0 2 3
0 1 0 െ1
0 0 0 0

൩ 

Thus we could take either ൞൦

1
2
2
1

൪ , ൦

2
1
4
5

൪ൢ or ൞൦

1
0
2
3

൪ , ൦

0
1
0
െ1

൪ൢ as a basis for the row space. 

b. Use the Gram-Scmidt method to find an orthogonal basis for the row space.  Hint: use the 
vectors in rref(A) and start with the simplest vector. 

ANS:  Using the second pair, ܣ ൌ ൦

1
0
2
3

൪  and ܤ ൌ ܾ െ ஺೅௕

஺೅஺
ܣ ൌ ൦

0
1
0
െ1

൪ െ െ ଷ

ଵସ
൦

1
0
2
3

൪ ൌ
ଵ

ଵସ
൦

3
14
6
െ5

൪ 

c. Find a basis for the null space. 

SOLN:  ൥
1 0 2 3
0 1 0 െ1
0 0 0 0

൩ ൦

ଵݔ
ଶݔ
ଷݔ
ସݔ

൪ ൌ ൦

0
0
0
0

൪ ⇔ ൦

ଵݔ
ଶݔ
ଷݔ
ସݔ

൪ ൌ ݐ ൦

െ2
0
1
0

൪ ൅ ݑ ൦

െ3
1
0
1

൪  basis = ൞൦

െ2
0
1
0

൪ , ൦

െ3
1
0
1

൪ൢ 

d. Find a basis for the column space. 

SOLN:  Since the pivots of rref(A) are in the first two columns, ൝൥
1
2
4
൩ , ൥

2
1
5
൩ൡ.  

e. Find a basis for the left null space. 

SOLN:  ்ܣ ൌ ൦

1 2 4
2 1 5
2 4 8
1 5 7

൪~ ൦

1 2 4
0 െ3 െ3
0 0 0
0 3 3

൪~ ൦

1 0 2
0 1 1
0 0 0
0 0 0

൪  whence the left null space is spanned 

by ൝൥
2
1
െ1

൩ൡ 

f. Verify the Fundamental Theorem of Linear Algebra for this matrix (both parts). 
SOLN:  rank = 2, m = 3, n = 4 and, sure enough, the dimension of the null space is n – r = 4 – 2 
= 2 and the dimension of the left null space is m – r = 3 – 2 = 1. 

The null space is perpendicular to the row space as evidenced by ൥
1 2 2 1
2 1 4 5
2 4 4 2

൩ ൦

െ2 െ3
0 1
1 0
0 1

൪ ൌ

൥
0 0
0 0
0 0

൩.   Also ்ܣ ൥
2
1
െ1

൩ ൌ ൦

1 2 4
2 1 5
2 4 8
1 5 7

൪ ൥
2
1
െ1

൩ ൌ ൦

0
0
0
0

൪. 

 
 
 



2. With ݖ ൌ 1,0,3,1 at ሺݔ, ሻݕ ൌ ሺ01ሻ, ሺ1,0ሻ, ሺെ1,0ሻ, ሺ0, െ1ሻ,  set up and solve the normal equations 
ොݔܣ்ܣ ൌ ݖ for the least squares plane ்ܾܣ ൌ ݔܣ ൅ ݕܤ ൅ ݌ and find the projection ܥ ൌ  ො and theݔܣ
error ݁ ൌ ܾ െ  .݌

SOLN:  The system of equations is described in the matrix equation: ൦

1 1 0
1 0 1
1 0 െ1
1 െ1 0

൪ ൥
ܥ
ܤ
ܣ
൩ ൌ ൦

1
0
3
1

൪ 

If we were to row-reduce we would see the system is over-determined so there is no solution.  Thus 
we seek the best approximate solution by projecting the right hand side onto the column space. 

ܣ்ܣ ൌ ൥
1 1 1 1
1 0 0 െ1
0 1 െ1 0

൩ ൦

1 1 0
1 0 1
1 0 െ1
1 െ1 0

൪ ൌ ൥
4 0 0
0 2 0
0 0 2

൩ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
1
4

0 0

0
1
2

0

0 0
1
ے2
ۑ
ۑ
ۑ
ۑ
ې
ିଵ

 

So  ݔො ൌ ሺܣ்ܣሻିଵ்ܾܣ ൌ

ۏ
ێ
ێ
ێ
ۍ
ଵ

ସ
0 0

0 ଵ

ଶ
0

0 0 ଵ

ଶے
ۑ
ۑ
ۑ
ې

൥
1 1 1 1
1 0 0 െ1
0 1 െ1 0

൩ ൦

1
0
3
1

൪ ൌ

ۏ
ێ
ێ
ێ
ۍ
ଵ

ସ

ଵ

ସ

ଵ

ସ

ଵ

ସ
ଵ

ଶ
0 0 െ ଵ

ଶ

0 ଵ

ଶ
െ ଵ

ଶ
0 ے
ۑ
ۑ
ۑ
ې

൦

1
0
3
1

൪ ൌ ൦

ହ

ସ
0
ଵ

ଶ

൪ 

So the least square plane has the equation ݖ ൌ ଵ

ଶ
ݔ ൅ ହ

ସ
 (parallel to the y-axis).  

3. The vectors ሺ1,2,2,0ሻ and ሺ0,1, െ1,2ሻ are orthogonal.  Divide them by their lengths to find 
orthonormal vectors ݍଵሬሬሬԦ and ݍଶሬሬሬሬԦ.  Put those into the columns of ܳ and multiply ்ܳܳ and ்ܳܳ.   

SOLN: ݍଵሬሬሬԦ ൌ
ଵ

ଷ
൦

1
2
2
0

൪ ൅
ଵ

ଷ
൦

0
1
െ1
2

൪ ⇒ Q ൌ ଵ

ଷ
൦

1 0
2 1
2 െ1
0 2

൪ ⇒ ்ܳܳ ൌ ቂ1 0
0 1

ቃ and ்ܳܳ ൌ ଵ

ଽ
൦

1 2 2 0
2 5 3 2
2 3 5 െ2
0 2 െ2 4

൪ 

 
4. Find orthogonal vectors A, B, C, by Gram-Schmidt from Ԧܽ ൌ ሺ1,1,3,5ሻ  ሬܾԦ ൌ ሺ1,1,1, െ1ሻ and 

Ԧܿ ൌ ሺ1,1, െ1,1ሻ. 

SOLN:  ܣ ൌ ൦

1
1
3
5

൪,   ܤ ൌ ܾ െ ஺೅௕

஺೅஺
ܣ ൌ ൦

1
1
1
െ1

൪ െ 0 ൦

1
1
3
5

൪ ൌ ൦

1
1
1
െ1

൪ 

 

ܥ ൌ ܿ െ
்ܿܣ
ܣ்ܣ

ܣ െ
்ܿܤ
ܤ்ܤ

ܤ ൌ ൦

1
1
െ1
1

൪ െ
4
36

൦

1
1
3
5

൪ െ 0 ൌ
1
9
൦

8
8

െ12
4

൪ 

 
5. If ݑሬԦ is a unit vector, then ܳ ൌ ܫ െ ሬԦݑ ሬԦ் is a reflection matrix.  Find ܳ fromݑሬԦݑ2 ൌ ሺ3,4ሻ/5.   

Draw the reflection when ܳ multiplies (0,1). 

SOLN:  ܳ ൌ ܫ െ ଶ

ଶହ
ቂ3
4
ቃ ሾ3 4ሿ ൌ ቂ1 0

0 1
ቃ െ ଶ

ଶହ
ቂ 9 12
12 9

ቃ ൌ ଵ

ଶହ
ቂ 7 െ24
െ24 7

ቃ 



 
 


