Math 2B — Linear Algebra — Test 2 — (in class makeup) Name

Write all responses on separate paper. Show your work for credit.

1. ConsiderA=(2 1 4 5

_ 12 4 4 2
a. Find a basis for row space.

SOLN:

Use the Gram-Scmidt method to find an orthogonal basis for the row space. Hint: use the
vectors in rref(A) and start with the simplest vector.

Find a basis for the null space.

Find a basis for the column space.

Find a basis for the left null space.

Verify the Fundamental Theorem of Linear Algebra for this matrix (both parts).
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2. Withz =1,0,3,1at (x,y) = (01),(1,0), (—1,0), (0,—1), set up and solve the normal equations
AT A% = ATb for the least squares plane z = Ax + By + C and find the projection p = A% and the
errore = b — p.

3. The vectors (1,2,2,0) and (0,1, —1,2) are orthogonal. Divide them by their lengths to find
orthonormal vectors g; and g,. Put those into the columns of Q and multiply Q7 Q and QQT.

4. Find orthogonal vectors A, B, C, by Gram-Schmidt from a = (1,1,3,5) b= (1,1,1,-1) and
¢=(11-11).

5. If 4 is a unit vector, then Q = I — 24u’ is a reflection matrix. Find Q from @ = (3,4)/5.
Draw the reflection when @ multiplies (0,1).



Math 2B — Linear Algebra — Test 2 — (in class makeup) Solutions

1. Considerd=12 1 4 5

_ 12 4 4 2
a. Find a basis for row space.

1 2 2 1] 1 2 2 1 0 2 3
2 1 4 5|~ -3 0 ~10 1 0 —1
00 O

2 4 4 2] —303
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1 2 1 0
Thus we could take either < , or , (1) as a basis for the row space.
\L1

b. Use the Gram-Scmidt method to flnd an orthogonal basis for the row space. Hint: use the
vectors in rref(A) and start with the simplest vector.

1 0 1
1t . |0 _ . _ATb 1| 3
ANS: Using the second pair, A = 5 andB =b ATAA 0
3 3

c. Find a basis for the null space.

1o 2 3134 [°] [2 p P

X

SOLN: [0 1 0o -1]].%]|= 0 el Fl=¢t 0 +u 1 basis = 0 1

000 0 X3 0 3 1 0 1 0
X4 0 X4 0 1. 0 1

d. Find a basis for the column space.

2R

SOLN: Since the pivots of rref(A) are in the first two columns, { 2] , [1]}

e. Find a basis for the left null space.

1 2 4 1 2 4 1 0 2
SOLN: AT = ; i g ~ 8 _03 _03 ~ 8 é (1) whence the left null space is spanned
5 1 5 7 0 3 3 0 0 O
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f. Verify the Fundamental Theorem of Linear Algebra for this matrix (both parts).
SOLN: rank =2, m = 3, n = 4 and, sure enough, the dimension of the null spaceisn—-r=4-2
= 2 and the dimension of the left null spaceism-r=3-2=1.

-2 -3
1 2 2 1 0 1
The null space is perpendicular to the row space as evidencedby |2 1 4 5 1 0
2 4 4 2 1
0 0 21 |5 % &2y g
0 0| AlsoAT| 1 |= 1=1.l
0 0 _1 2 4 8 _1 0
1 5 7 0



2. Withz =1,0,3,1at (x,y) = (01),(1,0),(—1,0), (0,—1), setup and solve the normal equations
AT A% = ATb for the least squares plane z = Ax + By + C and find the projection p = A% and the
errore = b — p.

1 1 0 1

T 110 1|[¢] o

SOLN: The system of equations is described in the matrix equation: 1 0 -1 B|= 3
1 -1 0 A 1

If we were to row-reduce we would see the system is over-determined so there is no solution. Thus
we seek the best approximate solution by projecting the right hand side onto the column space.

_1 _—1
_ Z 0 0
1111}(1)(1) 40041

ATA=[1 0 0 Ul o Z1|=|0 2 9]=j0 5 0

o1 -1 oll; ° 002001

1 1 1 1_12_
A R N O R E
so2=@TA)Th=[0 X ollt o o -1||°=|2 o o =%|[%=|o
2 Mo 1 =1 olPl 2. - 3|1
00 ! il o 2 -2 ol I

So the least square plane has the equation z = %x + % (parallel to the y-axis).

3. The vectors (1,2,2,0) and (0,1, —1,2) are orthogonal. Divide them by their lengths to find
orthonormal vectors g; and g,. Put those into the columns of Q and multiply Q7 Q and QQT.

1 0 1 0 1 2 2 0

—_ 1|21 1] 1 _1l2 1 A _[1 O r_112 5 3 2
soLN: gy =3[ +5| = e=3]5 1 [=¢ Q—[O 1]andQQ =il 3 = 5
0 2 0o 2 0 2 -2 4

4. Find orthogonal vectors A, B, C, by Gram-Schmidt from @ = (1,1,3,5) b= (1,1,1,-1) and
¢c=(11,-11).

1 1 1 1
AU F S B I B 1
SOLN: 4=|3| B=b-2Za=| |-0[;|= 1
5 —1 5

1 8

Coctey Bep 0=_| 8

“Tata BTB - 363 0=3|-12

5 4

5. If i is a unit vector, then Q = I — 2%u" is a reflection matrix. Find Q from 4 = (3,4)/5.
Draw the reflection when @ multiplies (O 1).

SOLN: Q = 1——[4]3 4] = [ ]——[ 12]

25 [—24 _34]






