
Math 2B – Linear Algebra – Test 2 – (in class) S13   Name____________________________ 
Write all responses on separate paper.  Show your work for credit. 

1. Consider ܣ ൌ ൦

1 1 2 2
1 1 2 2
2 2 5 7
2 2 7 13

൪ 

a. Find a basis for row space. 
b. Find a basis for the null space. 
c. Find a basis for the column space. 
d. Find a basis for the left null space. 
e. Verify the Fundamental Theorem of Linear Algebra for this matrix ( both parts). 

 
2. With ܾ ൌ 1,0,3,1 at ݐ ൌ 0,1,2,3,  set up and solve the normal equations ݔܣ்ܣො ൌ  for the best ்ܾܣ

parabola and find the projection ݌ ൌ ݁ ො and the errorݔܣ ൌ ܾ െ  .݌
 

3. The vectors ሺ1,1,3,5ሻ and ሺ1,1,1, െ1ሻ are orthogonal.  Divide them by their lengths to find 
orthonormal vectors ݍଵሬሬሬԦ and ݍଶሬሬሬሬԦ.  Put those into the columns of ܳ and multiply ்ܳܳ and ்ܳܳ.   
 

4. Find orthogonal vectors A, B, C, by Gram-Schmidt from Ԧܽ ൌ ሺ1,2,2,4ሻ ሬܾԦ ൌ ሺ1,2, െ2,െ4ሻ and 
Ԧܿ ൌ ሺ1,1, െ1,1ሻ. 
 
 

5. If ݑሬԦ is a unit vector, then ܳ ൌ ܫ െ ሬԦݑ ሬԦ் is a reflection matrix.  Find ܳ fromݑሬԦݑ2 ൌ ሺ√3, 1ሻ/2.   
Draw the reflection when ܳ multiplies (1,0). 
 
 

 
 

  



Math 2B – Linear Algebra – Test 2 – (in class) Solutions S13 

1. Consider ܣ ൌ ൦

1 1 2 2
1 1 2 2
2 2 5 7
2 2 7 13

൪ 

a. Find a basis for row space. 

൦

1 1 2 2
1 1 2 2
2 2 5 7
2 2 7 13

൪~ ൦

1 1 2 2
0 0 0 0
0 0 1 3
0 0 3 9

൪~ ൦

1 1 0 െ4
0 0 1 3
0 0 0 0
0 0 0 0

൪ 

We could take either the first two rows of rref(A) or we could use the first and third rows of A as 

a basis for the row space.  So, either ൞൦

1
1
0
െ4

൪ , ൦

0
0
1
3

൪ൢ or ൞൦

1
1
2
2

൪ , ൦

2
2
5
7

൪ൢ or any other pair of vector that 

span this hyperplane. 
b. Find a basis for the null space. 

SOLN:   

rrefሺܣሻ ൌ ൦

1 1 0 െ4
0 0 1 3
0 0 0 0
0 0 0 0

൪ 

So ܰ ൌ ൦

െ1 4
1 0
0 െ3
0 1

൪ and so a basis is ൞൦

െ1
1
0
0

൪ , ൦

4
0
െ3
1

൪ൢ.  

c. Find a basis for the column space. 
SOLN:  Since the matrix is symmetric, the column space is the same as the Row space (see part 
a). 

d. Find a basis for the left null space. 
SOLN:  Same two-fer.  Lucky you and me! Since ்ܣ ൌ  the left null space is the same as the ,ܣ
null space. 

e. Verify the Fundamental Theorem of Linear Algebra for this matrix ( both parts). 
Well, since the rank is 2, the nullity of the two null spaces is 2 and it all adds up. 
That the row space is orthogonal to the null space is in evidence with the fact that the dot product 

of every vector in a basis for the row space (column space) ൞൦

1
1
0
െ4

൪ , ൦

0
0
1
3

൪ൢ with a vector in a basis 

for the null space (left null space) ൞൦

െ1
1
0
0

൪ , ൦

4
0
െ3
1

൪ൢ is zero. 

 
 
 
 
 



2. With ܾ ൌ 1,0,3,1 at ݐ ൌ 0,1,2,3,  set up and solve the normal equations ݔܣ்ܣො ൌ  for the best ்ܾܣ
parabola and find the projection ݌ ൌ ݁ ො and the errorݔܣ ൌ ܾ െ  .݌
SOLN:  The system of equations is captured in the matrix equation 

൦

1 0 0
1 1 1
1 2 4
1 3 9

൪ ቈ
ܿ
ܾ
ܽ
቉ ൌ ൦

1
0
3
1

൪ 

Multiplying both sides by ்ܣ we get 

൥
1 1 1 1
0 1 2 3
0 1 4 9

൩ ൦

1 0 0
1 1 1
1 2 4
1 3 9

൪ ቈ
ܿ
ܾ
ܽ
቉ ൌ ൥

1 1 1 1
0 1 2 3
0 1 4 9

൩ ൦

1
0
3
1

൪	

൥
4 6 14
6 14 36
14 36 98

൩ ቈ
ܿ
ܾ
ܽ
቉ ൌ ൥

5
9
21
൩ 

3. This system can be solved by doing row reduction on an augmented matrix: 

൥
4 6 14 5
6 14 36 9
14 36 98 21

൩~ ൥
4 6 14 5
0 5 15 3/2
0 15 49 7/2

൩~ ൥
4 6 14 5
0 5 15 3/2
0 0 4 െ1

൩ 

So a = – ¼  , which means the parabola opens downwards.  Back‐substituting we get 

ܾ ൌ
ଵ

ହ
ቀଷ
ଶ
൅

ଵହ

ସ
ቁ ൌ

ଶଵ

ଶ଴
 and ܿ ൌ

ଵ

ସ
ቀ5 െ 6 ⋅

ଶଵ

ଶ଴
൅ 14 ⋅

ଵ

ସ
ቁ ൌ

ଵଵ

ଶ଴
   so that the parabola is described by ݕ ൌ െ

ଵ

ସ
ଶݐ ൅

ଶଵ

ଶ଴
ݐ ൅

ଵଵ

ଶ଴
ൌ െ

ଵ

ସ
ቀݐ െ

ଶଵ

ଵ଴
ቁ
ଶ
൅

଺଺ଵ

ସ଴଴
݌   		. ൌ ොݔܣ ൌ ൦

1 0 0
1 1 1
1 2 4
1 3 9

൪ ቎
11/20
21/20
െ1/4

቏ ൌ

ۏ
ێ
ێ
ۍ
11/20
27/20
33/20
ے29/20

ۑ
ۑ
ې
 

and the error is  

ܾ െ ݌ ൌ ൦

1
0
3
1

൪ െ

ۏ
ێ
ێ
ۍ
11/20
27/20
33/20
ے29/20

ۑ
ۑ
ې
ൌ ൦

0.45
െ1.35
1.35
െ0.45

൪ 

 

 
 



 
Here is the same problem with a slightly different set of data (y(2) = 2, instead of 3). 
The system of equations is captured in the matrix equation 

൦

1 0 0
1 1 1
1 2 4
1 3 9

൪ ቈ
ܿ
ܾ
ܽ
቉ ൌ ൦

1
0
2
1

൪ 

Multiplying both sides by ்ܣ we get 

൥
1 1 1 1
0 1 2 3
0 1 4 9

൩ ൦

1 0 0
1 1 1
1 2 4
1 3 9

൪ ቈ
ܿ
ܾ
ܽ
቉ ൌ ൥

1 1 1 1
0 1 2 3
0 1 4 9

൩ ൦

1
0
2
1

൪	

൥
4 6 14
6 14 36
14 36 98

൩ ቈ
ܿ
ܾ
ܽ
቉ ൌ ൥

4
7
17
൩ 

This system can be solved by doing row reduction on an augmented matrix: 

൥
4 6 14 4
6 14 36 7
14 36 98 17

൩~ ൥
4 6 14 4
0 5 15 1
0 15 49 3

൩~ ൥
4 6 14 4
0 5 15 1
0 0 4 0

൩ 

So a = 0, which means it's a degenerate parabola. Thus b = 1/5 is the slope of the line and c = 7/10 is the 

intercept and ݌ ൌ ොݔܣ ൌ ൦

1 0 0
1 1 1
1 2 4
1 3 9

൪ ൥
7/10
1/5
0

൩ ൌ

ۏ
ێ
ێ
ۍ
7/10
9/10
11/10
ے13/10

ۑ
ۑ
ې
 

and the error is  

ܾ െ ݌ ൌ ൦

1
0
2
1

൪ െ

ۏ
ێ
ێ
ێ
ێ
ێ
ێ
ێ
ۍ
7
10
9
10
11
10
13
ے10
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

ൌ ൦

0.3
െ0.9
0.9
െ0.3

൪ 

And the picture is 

 
 
 
 



4. The vectors ሺ1,1,3,5ሻ and ሺ1,1,1, െ1ሻ are orthogonal.  Divide them by their lengths to find 
orthonormal vectors ݍଵሬሬሬԦ and ݍଶሬሬሬሬԦ.  Put those into the columns of ܳ and multiply ்ܳܳ and ்ܳܳ.   
SOLN: 
The first vector has length √1ଶ ൅ 1ଶ ൅ 3ଶ ൅ 5ଶ ൌ 6 and the second vector, 

ඥ1ଶ ൅ 1ଶ ൅ 1ଶ ൅ ሺെ1ሻଶ ൌ 2 so that ்ܳܳ ൌ ଵ

ଷ଺
ቂ1 1 3 5
3 3 3 െ3

ቃ ൦

1 3
1 3
3 3
5 െ3

൪ ൌ ቂ1 0
0 1

ቃ 

்ܳܳ ൌ
1
36

൦

1 3
1 3
3 3
5 െ3

൪ ቂ1 1 3 5
3 3 3 െ3

ቃ ൌ
1
18

൦

5 5 6 െ2
5 5 6 െ2
6 6 9 3
െ2 െ2 3 17

൪ 

That was easy. 
 
 

5. Find orthogonal vectors A, B, C, by Gram-Schmidt from Ԧܽ ൌ ሺ1,2,2,4ሻ ሬܾԦ ൌ ሺ1,2, െ2,െ4ሻ and 
Ԧܿ ൌ ሺ1,1, െ1,1ሻ. 

SOLN:  ܣ ൌ ൦

1
2
2
4

൪,  ܤ ൌ ൦

1
2
െ2
െ4

൪ ൅
ଵହ

ଶହ
൦

1
2
2
4

൪ ൌ
ସ

ହ
൦

2
4
െ1
െ2

൪, ܥ ൌ ൦

1
1
െ1
1

൪ െ
ହ

ଶହ
൦

1
2
2
4

൪ െ
ସ

ଵ଺

ସ

ହ
	൦

2
4
െ1
2

൪ ൌ
ଵ

ହ
൦

2
െ1
െ2
1

൪ 

Normalizing, we get 
 

Ԧଵݍ ൌ
1
5
൦

1
2
2
4

൪ , Ԧଶݍ ൌ
1
5
൦

2
4
െ1
െ2

൪ , Ԧଷݍ ൌ
1
5
൦

2
െ1
െ2
1

൪ 

 
6. If ݑሬԦ is a unit vector, then ܳ ൌ ܫ െ  ሬԦ் is aݑሬԦݑ2

reflection matrix.  Find ܳ from ݑሬԦ ൌ ሺ√3, 1ሻ/2.   
Draw the reflection when ܳ multiplies (1,0). 

SOLN:  ݑሬԦݑሬԦ் ൌ ଵ

ସ
൤ 3 √3
√3 1

൨ so ܳ ൌ ܫ െ ሬԦ்ݑሬԦݑ2 ൌ

ቂ1 0
0 1

ቃ െ ଵ

ଶ
൤ 3 √3
√3 1

൨ ൌ െ ଵ

ଶ
൤ 1 √3
√3 െ1

൨ 

Thus, (1,0) gets mapped to 

ܳ ቂ1
0
ቃ ൌ െ ଵ

ଶ
൤ 1 √3
√3 െ1

൨ ቂ1
0
ቃ ൌ െ ଵ

ଶ
൤
1
√3
൨ 

 
 

 
 


