Math 2B — Linear Algebra — Test 2 — (in class) S13 Name
Write all responses on separate paper. Show your work for credit.
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Find a basis for row space.

Find a basis for the null space.

Find a basis for the column space.

Find a basis for the left null space.

Verify the Fundamental Theorem of Linear Algebra for this matrix ( both parts).

P00 o

2. Withb =1,0,3,1att = 0,1,2,3, setup and solve the normal equations ATAX = AT b for the best
parabola and find the projection p = Ax and the errore = b — p.

3. The vectors (1,1,3,5) and (1,1,1, —1) are orthogonal. Divide them by their lengths to find
orthonormal vectors g; and g,. Put those into the columns of Q and multiply Q7 Q and QQT.

4. Find orthogonal vectors A, B, C, by Gram-Schmidt from d@ = (1,2,2,4) b=(1,2,-2,—4)and
¢c=(11,-11).

5. If @ is a unit vector, then Q = I — 2uu” is a reflection matrix. Find Q from @ = (v/3,1)/2.
Draw the reflection when @ multiplies (1,0).
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1. Consider A = 5 2 5 7
2 2 7 13
a. Find a basis for row space.
1 1 2 2 1 1 2 2] 1 1 0 —4
112 2(_|0 0 0 0/ _(0 0 1 3
2 2 5 7 0 0 1 3 0 0 0 O
2 2 7 13 0 0 3 9l 0 0 0 O
We could take either the first two rows of rref(A) or we could use the first and third rows of A as
1 0 1] [2
. . 1110 1| |2 -
a basis for the row space. So, either 0 1 {2‘ 5 }or any other pair of vector that
- 3 21 L7
span this hyperplane.
b. Find a basis for the null space.
SOLN:
1 1 0 —4
0 0 1 3
rref(4) = 000 0
0 0 0 O
-1 4 4
1 0 1 0
SON = 0 -3 and so a basis is lol l_3
0 1 0 1

c. Find a basis for the column space.
SOLN: Since the matrix is symmetric, the column space is the same as the Row space (see part
a).

d. Find a basis for the left null space.
SOLN: Same two-fer. Lucky you and me! Since AT = A, the left null space is the same as the
null space.

e. Verify the Fundamental Theorem of Linear Algebra for this matrix ( both parts).
Well, since the rank is 2, the nullity of the two null spaces is 2 and it all adds up.
That the row space is orthogonal to the null space is in evidence with the fact that the dot product

of every vector in a basis for the row space (column space) l ‘ I(l)‘ with a vector in a basis
3

for the null space (left null space) l (1) ‘ l ‘ is zero.
0



2. Withb =1,0,3,1att = 0,1,2,3, setup and solve the normal equations ATAX = AT b for the best
parabola and find the projection p = Ax and the errore = b — p.
SOLN: The system of equations is captured in the matrix equation

Multiplying both sides by AT we get

1 1 1 1
01 2 3]
0 1 4 9
(4 6 14
6 14 36
14 36 98
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3. This system can be solved by domg row reductlon on an augmented matrix:
4 5 4 6 14 5
614 369 15 3/2|~|0 5 15 3/2
14 36 98 21 015 49 7/2 0 0 4 -1
So a =—7% , which means the parabola opens downwards Back-substituting we get
b=-= (2+145)=%andc— (5—6 —+ 14 - =E so that the parabola is described byy———t2+
; i 11/20 ;ﬁg]
21 1 1/, 21 661 e
wtta= (%) o P=AT=|] 211/22 33/20J
1 / 29/20
and the error is
11 [11/20] 1 0.45
b= |0] _|27/20] _|-1.35
P=13]7133/20| " | 1.35
111 297201 1-0.45
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Here is the same problem with a slightly different set of data (y(2) = 2, instead of 3).

The system of equations is captured in the matrix equation

1 0 O
11 1|[,
1 2 4 a
1 3 9]
Multiplying both sides by AT we get
101 1 1 1 (1’ 2 c
01 2 3 b
0o 1 4 ol|} 2 4la
i |1 3 9]
[ 4 6 14]¢c 4
6 14 36 bl= 7
14 36 98lla 17
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This system can be solved by doing row reduction on an augmented matrix:

4 6 14 41 [4 6 14 4 4 6 14 4
6 14 36 7]|~|0 5 15 1|~|0 5 15 1
14 36 98 171 10 15 49 3 0 0 4 O

So a =0, which means it's a degenerate parabola. Thus b = 1/5 is the slope of the line and c = 7/10 is the

11

7/10
10 0] 7/10 [ / ]
interceptand p = A% = } % 1[1/5 - 191//1100
13 9/ 0 l13/10J
and the error is
_7—
10
1 9
__|ol_|10
1 10
13
(10
And the picture is
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4. The vectors (1,1,3,5) and (1,1,1,

—1) are orthogonal. Divide them by their lengths to find

orthonormal vectors g; and g,. Put those into the columns of Q and multiply Q7 Q and QQT.

SOLN:
The first vector has length V12 + 12 + 32 4+ 52 = 6 and the second vector,
1 3
1 1 3 57|11 3
2 2 2 2 — T — — —
JIZ+ 12+ 12 + (-1)2 = 2 so that Q7Q = [ ; _3]3 ;
5 -3
1 5 5 6
T _ 1 1 3 115 5 6
Qe " 36 3 [3 3 3 —3 18 6 6 9
5 -2 =2 3

That was easy.

5. Find orthogonal vectors A, B, C, by Gram-Schmidt from d = (1,2,2,4) b= (1,2,—2,—4) and
¢=(1,1,-1,1).
1 '1
R V2 _ 415 2 3 52| _ 44
SOLN.A—Z,B— _2 252 - o P et
4 _4
Normalizing, we get
1 2 [ 2
- 1 2 - _ 1 4 - 1 _1
NW=5l2[ 2T 5|1 BT 5|2
4 -2 [ 1
6. If @ is a unit vector, then Q = I — 2uu’ isa

reflection matrix. Find Q from % = (+/3,1)/2.
Draw the reflection when @ multiplies (1,0).

SOLN: aaui[\/f’% \/ﬂSOQ:, —_—
o 3% =4
V3 2lv3 —1

Thus, (1,0) gets mapped to

ofsl=-315 I6l=-31




