Math 2B — Linear Algebra — Test 1 — S13 Name
Write all responses on separate paper. Show your work for credit.

1. Find a unit vector # parallel to [3,4] and a unit vector w in the parallel to [5,12] and then compute (@i + W) -
(@ —w)

2. Find a combination x;w; + x,w, + x3w5 that gives the zero vector where
1 2 3
7 8 9

3. Draw the row and column pictures for the equations x + 2y =5and x —y = —

-1
4. Show that the three vectors 74, 7, and 73 that make up the rows of € = [ ‘ 0 ] are coplanar,
1

that is, they all lie in one plane. Hint: Show there is a non-trivial solution to C

5. What 2 by 2 matrix R rotates every vector through 30°? Find the inverse of R and show that
RIR=1,.

6. Consider the system of equations

2x+y =29
x+2y+z=65
y+2z=51

a. Reduce this system to upper triangular form by two row operations.
b. Write this system as a matrix equation Ax = b and find the A = LU factorization of A.

7. Consider the matrices,

1 00 1 0 0
E=la 1 0f, =10 1 O
b 0 1 0 ¢ 1

a. Compute EF and FE:
b. Compute E3 and F3.
¢. Find formulas for E™ and F™.

1 0 0 O
8. LetA= 01 _11 (1) g compute the inverse matrix of A* and use it to solve 4*% = 0.
0 0 -1 1
2 6 4
9. Find the LDU factorization of A = 7 6|
4 15 17



Math 2B - Linear Algebra — Test 1 Solutions — S13

1. Find a unit vector 4 parallel to [3,4] and a unit vector w in the parallel to [5,12] and then compute (& + W) -

64 112

(ﬁ_ﬂ\_/)A_ 3 4 - 5 12 896 896] __
SOLN: @ = [2g]and @ =[5, 55). o @+m)-@-m) = [, [ —35) = [ -] = o

More simply, since unit vectors form the sides of a rhombus, and the diagonals are perpendicular, this is 0.
Find a combination x;w; + x,w, + x3ws that gives the zero vector where

1 2 3
i
7. 8 9
SOLN: This problem asks for a linear combination of the vectors that is the zero vector. This is equivalent to
[1 2 3][*1 0
solving |4 5 6] Xz] = The augmented matrix for this system is
7 8 9llx3 0
1 2 3 0 1 2 3 0 1 2 3 0 1
4 5 6 0] ~ !O -3 -6 0] ~ [0 1 2 0] so all solutions are of the form ¥ = t [—2]
7 8 9 0 0 -6 —-12 0 0 0 0 O 1

Taking t = 2, for instance, we get 2w; — 4w, + 2ws = 0.

Draw the row and column pictures for the equations x + 2y = 5and x —y = —1
SOLN: The row picture is just the graph of the two lines showing their point of intersection, , as the solution

to the system. The column vectors are ¢; = [ﬂ and ¢, = [_21] and the column picture shows how multiples

-

of these vectors combine to form the RHS column, b = [_51] Evidently, ¢, + 2¢, = b

A

F N

N T T T

1 0 -1
Show that the three vectors 7, 7, and 75 that make up the rows of ¢ = [ ‘ = [—1 1 0 ]
0 -1 1

are coplanar, that is, they all lie in one plane. Hint: Show there is a non-trivial solution to Cx = 0.
ANS: Since 7y = —7, —#;, 73 is a linear combination of 7, and 7, which means that 7; is in the plane
containing 7, and 7.



5. What 2 by 2 matrix R rotates every vector through 30°? Find the inverse of R and show that R™1R = I,.

SOLN: In general, a 2 by 2 rotation matrix has the form [Z?;g _Cf)lsnee] but if you forget that, look
: . o171 _ [V3/2 01 _ [—1/2] . .
at what should happen to the unit vectors: R [0] = [ 1/2 and R [1] = v3,2 , SO, by inspection,
_[V3/2 -1 /2]
1/2  3/2

6. Consider the system of equations

2x+y =29
x+2y+z=65
y+2z=51
a. Reduce this system to upper triangular form by two row operations.
2 1 0 29 2 1 0 29 2 1 0 29
SOLN: Theaugmentedmatrixis[l 2 1 65 ~!O 3/2 1 101/2]~!0 3/2 1 101/2]
0 12511 lo 1 2 =51 0 0 4/3 52/3
b. Write this system as a matrix equation AxX = b and find the A = LU factorization of A.
SOLN: You could go one further for the LDU version:
2 10
L2 1” [ ]
0 1 2
1 0 0 0 1 2 1 0
A= O] 1/2 1 0”0 3/2 1] [1/2 1 ”0 3/2 1]
02/31_001004/3 0 2/3 1llo o 4/3
1 0 072 0 1r1 1/2 0
|z 0”0 0” ]
[1/3 2/3 1110 0 4/3
7. Consider the matrices,
1 0 0 1 0 O
E=la 1 0], =10 1 0]
b 0 1 0 ¢ 1
a. Compute EF and FE:
1 0 0]t 0 O 1 0 O
SOLN:EF =|a 1 0”0 1 O]=[a 1 0]
b 0 1110 ¢ 1 b ¢ 1
1 0 O0Jf1 0 O 1 0 0
and FE =0 1 OHa 1 0]= a 1 0]
0 ¢c 11lp 0 1 ca+b ¢ 1
b. Compute E3 and F3.
SOLN:
1 0 0][1 0 O 1 0 0
E3=2a10a10]=3a10]
2b 0 1llb 0 1 3b 0 1
(1 0 O]fr 0 O (1 0 O
F3=010010]=010]
0 2¢ 1110 ¢ 1 0 3¢ 1




c. Find formulas for E™ and F™.

SOLN: Claim:
1 0 O
E'"=|na 1 0
nb 0 1
Proof by induction: We’ve shown the formula works for n = 2 and 3. Assume it works for n -1,
Then
1 0 0 1 0 0
E"=|(n—1a 1 0E=[na 1 0]
m—1Db 0 1 nb 0 1
Similarly,
1 0 01r1 o o 1 0 O
F* = |0 1 0Offo 1 ol=]0 1 O
0 (n—1)c 1110 ¢ 1 0 nc 1
1 0 0 O
8. Letd = 01 _11 2 gcomputethe inverse matrix of A% and use it to solve 44% = 0.
0 0 -1 1
1 0 O 01 0 0 O0] [1 OO O 1 0 0 O
-1 1 0 0 0 1 0 O 010 01100
SC)LN0—1100010~00101110
o o0 -1 1 0 0 O0 11 1O OO 1T 1T 1 1 1!
1 0 0 O (1 0 0 0]t 0 O O] [1 O O O
1. 110 0 2 1w |11 0 0]l 1 0 0] |21 00
SOAT =11 1 1 oA =@ = T 1 oollt 11 073210
1 1 1 1 1 1 1 141 1 1 11 14 3 2 1
1 0 0 O0]f1 0 0 O 1 0 0 O
4nel a4 a2z |2 1 0 0Ofl2 1 0 0of |4 1 0 o0
Thus (AN =47 =" =13 5 1| ollz 2 1 o/l 2 1 o
4 3 2 1114 3 2 1 20 10 4 1
1 0O 0 O
., 4 1 0 olz_=
And, well, of course, the only solution is x = 10 4 1 00—0
20 10 4 1
2
Find the LDU factorization of 4 = 2 .
1

1

0 3
1 1 =
4 15 17 00 4 15 17 ]

1

1

0
1 0 O0]Jf1 0 072 6 4 1 0 0][2 0 oOfr1 3
1 1 00 1 0Jf0 1 2f=(f1 1 0|0 1 O0J|0 1
0 0

2 0 11lo 3 11lo 0 3 2 3 110 0 3l

SOLN: A=2 7 6

264]




