
Math 2B – Linear Algebra – Test 1 – S13   Name____________________________ 
Write all responses on separate paper.  Show your work for credit. 

1. Find a unit vector  ݑො  parallel to [3,4] and a unit vector  ݓෝ  in the parallel to [5,12] and then compute  ሺݑො ൅ ෝሻݓ ⋅
ሺݑො െ 	ෝሻݓ
 

2. Find a combination ݔଵݓଵሬሬሬሬԦ ൅ ଶሬሬሬሬሬԦݓଶݔ ൅   that gives the zero vector where	ଷሬሬሬሬሬԦݓଷݔ

ଵሬሬሬሬԦݓ ൌ ൥
1
4
7
൩        ݓଶሬሬሬሬሬԦ ൌ ൥

2
5
8
൩              ݓଷሬሬሬሬሬԦ ൌ ൥

3
6
9
൩ 

 
3. Draw the row and column pictures for the equations ݔ ൅ ݕ2 ൌ 5 and ݔ െ ݕ ൌ െ1 

4. Show that the three vectors ݎԦଵ, ݎԦଶ and ݎԦଷ that make up the rows of ܥ ൌ ቎
Ԧଵݎ
Ԧଶݎ
Ԧଷݎ

቏ ൌ ൥
1 0 െ1
െ1 1 0
0 െ1 1

൩ are coplanar, 

that is, they all lie in one plane.  Hint:  Show there is a non-trivial solution to ݔܥԦ ൌ 0ሬԦ. 
 

5. What 2 by 2 matrix R rotates every vector through 30°?  Find the inverse of R and show that 
ࡾ૚ିࡾ ൌ  .૛ࡵ
 

6. Consider the system of equations 
ݔ2 ൅ 		ݕ ൌ 29	
ݔ ൅ ݕ2 ൅ ݖ ൌ 65	
ݕ ൅ ݖ2 ൌ 51 

a. Reduce this system to upper triangular form by two row operations. 

b. Write this system as a matrix equation ݔܣԦ ൌ ሬܾԦ and find the ܣ ൌ  .ܣ factorization of ܷܮ
  

7. Consider the matrices,  

ܧ ൌ ൥
1 0 0
ܽ 1 0
ܾ 0 1

൩ ܨ														, ൌ ൥
1 0 0
0 1 0
0 ܿ 1

൩ 

a. Compute ܨܧ and ܧܨ: 
b. Compute ܧଷ and ܨଷ. 
c. Find formulas for ܧ௡ and ܨ௡. 

 

8. Let ܣ ൌ ൦

1 0 0 0
െ1 1 0 0
0 െ1 1 0
0 0 െ1 1

൪ compute the inverse matrix of ܣସ and use it to solve ܣସݔԦ ൌ 0ሬԦ. 

 

9. Find the ܷܦܮ factorization of ܣ ൌ ൥
2 6 4
2 7 6
4 15 17

൩. 

  

 

 

 



Math 2B – Linear Algebra – Test 1 Solutions – S13   

1. Find a unit vector  ݑො  parallel to [3,4] and a unit vector  ݓෝ  in the parallel to [5,12] and then compute  ሺݑො ൅ ෝሻݓ ⋅
ሺݑො െ 	ෝሻݓ

SOLN:  ݑො ൌ ቂଷ
ହ
,
ସ

ହ
ቃ and ݓෝ ൌ ቂ ହ

ଵଷ
,
ଵଶ

ଵଷ
ቃ.  So  ሺݑො ൅ ෝሻݓ ⋅ ሺݑො െ ෝሻݓ ൌ ቂ଺ସ

଺ହ
,
ଵଵଶ

଺ହ
ቃ ⋅ ቂ

ଵସ

଺ହ
, െ

଼

଺ହ
ቃ ൌ ቂ଼ଽ଺

଺ହమ
െ

଼ଽ଺

଺ହమ
ቃ ൌ 0.   

More simply, since unit vectors form the sides of a rhombus, and the diagonals are perpendicular, this is 0. 
2. Find a combination ݔଵݓଵሬሬሬሬԦ ൅ ଶሬሬሬሬሬԦݓଶݔ ൅   that gives the zero vector where	ଷሬሬሬሬሬԦݓଷݔ

ଵሬሬሬሬԦݓ ൌ ൥
1
4
7
൩        ݓଶሬሬሬሬሬԦ ൌ ൥

2
5
8
൩              ݓଷሬሬሬሬሬԦ ൌ ൥

3
6
9
൩ 

SOLN:  This problem asks for a linear combination of the vectors that is the zero vector.  This is equivalent to 

solving  ൥
1 2 3
4 5 6
7 8 9

൩ ൥
ଵݔ
ଶݔ
ଷݔ
൩ ൌ ൥

0
0
0
൩  The augmented matrix for this system is 

൥
1 2 3 0
4 5 6 0
7 8 9 0

൩~ ൥
1 2 3 0
0 െ3 െ6 0
0 െ6 െ12 0

൩~ ൥
1 2 3 0
0 1 2 0
0 0 0 0

൩  so all solutions are of the form ݔԦ ൌ ݐ ൥
1
െ2
1
൩ 

Taking t = 2, for instance, we get 2ݓଵሬሬሬሬԦ െ ଶሬሬሬሬሬԦݓ4 ൅ ଷሬሬሬሬሬԦݓ2 ൌ 0ሬԦ.  

 
3. Draw the row and column pictures for the equations ݔ ൅ ݕ2 ൌ 5 and ݔ െ ݕ ൌ െ1 

SOLN:  The row picture is just the graph of the two lines showing their point of intersection,  , as the solution 

to the system. The column vectors are Ԧܿଵ ൌ ቂ1
1
ቃ and Ԧܿଶ ൌ ቂ 2

െ1
ቃ and the column picture shows how multiples 

of these vectors combine to form the RHS column, ሬܾԦ ൌ ቂ 5
െ1

ቃ.  Evidently, Ԧܿଵ ൅ 2 Ԧܿଶ ൌ ሬܾԦ 

 

4. Show that the three vectors ݎԦଵ, ݎԦଶ and ݎԦଷ that make up the rows of ܥ ൌ ቎
Ԧଵݎ
Ԧଶݎ
Ԧଷݎ

቏ ൌ ൥
1 0 െ1
െ1 1 0
0 െ1 1

൩  

are coplanar, that is, they all lie in one plane.  Hint:  Show there is a non-trivial solution to ݔܥԦ ൌ 0ሬԦ. 
ANS:  Since ݎԦଷ ൌ െݎԦଶ െ  Ԧଷ is in the planeݎ Ԧଵ,  which means thatݎ Ԧଶ andݎ Ԧଷ is a linear combination ofݎ  ,Ԧଵݎ
containing ݎԦଶ and ݎԦଵ.   
 



5. What 2 by 2 matrix R rotates every vector through 30°?  Find the inverse of R and show that ܴିଵܴ ൌ  .ଶܫ

SOLN: In general, a 2 by 2 rotation matrix has the form ቂܿߠݏ݋ െߠ݊݅ݏ
ߠ݊݅ݏ ߠݏ݋ܿ

ቃ, but if you forget that, look 

at what should happen to the unit vectors:  ܴ ቂ1
0
ቃ ൌ ൤√3/2

1/2
൨ and ܴ ቂ0

1
ቃ ൌ ൤

െ1/2

√3/2
൨, so, by inspection, 

ܴ ൌ ቈ
√3/2 െ1/2

1/2 √3/2
቉ 

 
6. Consider the system of equations 

ݔ2 ൅ 		ݕ ൌ 29	
ݔ ൅ ݕ2 ൅ ݖ ൌ 65	
ݕ ൅ ݖ2 ൌ 51 

a. Reduce this system to upper triangular form by two row operations. 

SOLN:  The augmented matrix is ൥
2 1 0 29
1 2 1 65
0 1 2 51

൩~ ൥
2 1 0 29
0 3/2 1 101/2
0 1 2 51

൩~ ൥
2 1 0 29
0 3/2 1 101/2
0 0 4/3 52/3

൩ 

b. Write this system as a matrix equation ݔܣԦ ൌ ሬܾԦ and find the ܣ ൌ  .ܣ factorization of ܷܮ
SOLN:  You could go one further for the LDU version: 

൥
2 1 0
1 2 1
0 1 2

൩ ቈ
ݔ
ݕ
ݖ
቉ ൌ ൥

29
65
51
൩ 

ܣ ൌ ൥
1 0 0
0 1 0
0 2/3 1

൩ ൥
1 0 0
1/2 1 0
0 0 1

൩ ൥
2 1 0
0 3/2 1
0 0 4/3

൩ ൌ ൥
1 0 0
1/2 1 0
0 2/3 1

൩ ൥
2 1 0
0 3/2 1
0 0 4/3

൩

ൌ ൥
1 0 0
1/2 1 0
1/3 2/3 1

൩ ൥
2 0 0
0 3/2 0
0 0 4/3

൩ ൥
1 1/2 0
0 1 2/3
0 0 1

൩ 

  
7. Consider the matrices,  

ܧ ൌ ൥
1 0 0
ܽ 1 0
ܾ 0 1

൩ ܨ														, ൌ ൥
1 0 0
0 1 0
0 ܿ 1

൩ 

a. Compute ܨܧ and ܧܨ: 

SOLN: ܨܧ ൌ ൥
1 0 0
ܽ 1 0
ܾ 0 1

൩ ൥
1 0 0
0 1 0
0 ܿ 1

൩ ൌ ൥
1 0 0
ܽ 1 0
ܾ ܿ 1

൩  

and ܧܨ ൌ ൥
1 0 0
0 1 0
0 ܿ 1

൩ ൥
1 0 0
ܽ 1 0
ܾ 0 1

൩ ൌ ൥
1 0 0
ܽ 1 0

ܿܽ ൅ ܾ ܿ 1
൩ 

b. Compute ܧଷ and ܨଷ. 

SOLN: 

ଷܧ ൌ ൥
1 0 0
2ܽ 1 0
2ܾ 0 1

൩ ൥
1 0 0
ܽ 1 0
ܾ 0 1

൩ ൌ ൥
1 0 0
3ܽ 1 0
3ܾ 0 1

൩ 

ଷܨ ൌ ൥
1 0 0
0 1 0
0 2ܿ 1

൩ ൥
1 0 0
0 1 0
0 ܿ 1

൩ ൌ ൥
1 0 0
0 1 0
0 3ܿ 1

൩ 



c. Find formulas for ܧ௡ and ܨ௡. 
SOLN:  Claim: 	

௡ܧ ൌ ൥
1 0 0
݊ܽ 1 0
ܾ݊ 0 1

൩ 

Proof by induction:  We’ve shown the formula works for n = 2 and 3.  Assume it works for n – 1,   
Then 	

௡ܧ ൌ ൥
1 0 0

ሺ݊ െ 1ሻܽ 1 0
ሺ݊ െ 1ሻܾ 0 1

൩ ܧ ൌ ൥
1 0 0
݊ܽ 1 0
ܾ݊ 0 1

൩ 

Similarly,  

௡ܨ ൌ ൥
1 0 0
0 1 0
0 ሺ݊ െ 1ሻܿ 1

൩ ൥
1 0 0
0 1 0
0 ܿ 1

൩ ൌ ൥
1 0 0
0 1 0
0 ݊ܿ 1

൩ 

 

8. Let ܣ ൌ ൦

1 0 0 0
െ1 1 0 0
0 െ1 1 0
0 0 െ1 1

൪ compute the inverse matrix of ܣସ and use it to solve ܣସݔԦ ൌ 0ሬԦ. 

SOLN: ൦

1 0 0 0 1 0 0 0
െ1 1 0 0 0 1 0 0
0 െ1 1 0 0 0 1 0
0 0 െ1 1 0 0 0 1

൪~ ൦

1 0 0 0 1 0 0 0
0 1 0 0 1 1 0 0
0 0 1 0 1 1 1 0
0 0 0 1 1 1 1 1

൪ 

So ିܣଵ ൌ ൦

1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

൪ so ିܣଶ ൌ ሺିܣଵሻଶ ൌ ൦

1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

൪ ൦

1 0 0 0
1 1 0 0
1 1 1 0
1 1 1 1

൪ ൌ ൦

1 0 0 0
2 1 0 0
3 2 1 0
4 3 2 1

൪  

Thus ሺܣସሻିଵ ൌ ସିܣ ൌ ሺିܣଶሻଶ ൌ 	 ൦

1 0 0 0
2 1 0 0
3 2 1 0
4 3 2 1

൪ ൦

1 0 0 0
2 1 0 0
3 2 1 0
4 3 2 1

൪ ൌ ൦

1 0 0 0
4 1 0 0
10 4 1 0
20 10 4 1

൪	 

And, well, of course, the only solution is ݔԦ ൌ ൦

1 0 0 0
4 1 0 0
10 4 1 0
20 10 4 1

൪ 0ሬԦ ൌ 0ሬԦ 

9. Find the ܷܦܮ factorization of ܣ ൌ ൥
2 6 4
2 7 6
4 15 17

൩. 

SOLN:  ܣ ൌ ൥
2 6 4
2 7 6
4 15 17

൩ ൌ ൥
1 0 0
1 1 0
0 0 1

൩ ൥
2 6 4
0 1 2
4 15 17

൩ ൌ ൥
1 0 0
1 1 0
0 0 1

൩ ൥
1 0 0
0 1 0
2 0 1

൩ ൥
2 6 4
0 1 2
0 3 9

൩ ൌ

൥
1 0 0
1 1 0
2 0 1

൩ ൥
1 0 0
0 1 0
0 3 1

൩ ൥
2 6 4
0 1 2
0 0 3

൩ ൌ ൥
1 0 0
1 1 0
2 3 1

൩ ൥
2 0 0
0 1 0
0 0 3

൩ ൥
1 3 2
0 1 2
0 0 1

൩ 

  

 


