
Math 13 – Liberal Arts Math – HW7 – Chapter 11 

1. Give an example of a weighted voting system that has a dummy voter but no dictator that is not  
[6:5,3,1]. 
 

2. Explain why the weighted voting system [13: 10, 6, 5, 3, 2] is not a legitimate weighted voting 
system. 

3. Give an example of a weighted voting system that has a blocking coalition that would not be a 
winning coalition if all its members voted YES. 

4. Given the weighted voting system [30: 20, 17, 10, 5], list all winning coalitions. 
5. Given the weighted voting system [51: 45, 43, 7, 5],  

a. list all blocking coalitions. 
b. list all minimal winning coalitions 

6. Given the weighted voting system [30: 20, 17, 10, 5],  
a. list all minimal winning coalitions. 
b. list all blocking coalitions. 

7. A weighted voting system has four voters, A, B, C, and D.  List all possible coalitions of these 
voters.  How many such coalitions are there? 

8. In a weighted voting system, is a voter with veto power the same as a dictator?   Why or why not? 
9. A weighted voting system has 12 members.  How many distinct coalitions are there in which exactly 

seven members vote YES? 
10. Given the weighted voting system [5: 3, 2, 1, 1, 1], find which voters of the coalition  

{A, C, D, E} are critical? 
11. Given the weighted voting system [8: 5, 4, 3], find the Banzhaf power index for each voter. 
12. Given the weighted voting system [14: 10, 6, 5, 3], find the Banzhaf power index for each voter. 
13. Given the weighted voting system [7: 4, 1, 1, 1, 1, 1], find the Banzhaf power index for each voter. 
14. Give an example of a weighted voting system that is equivalent to the [15: 8, 7, 6]. 
15. What is the difference between a "critical" voter in a coalition and a "pivotal" voter in a 

permutation? 
16. Calculate the Shapely-Shubik power index for the weighted voting system  

a. [30: 20, 17, 10, 5]. 
b. [8: 6, 1, 1, 1, 1, 1]. 

17. There are five distinct three-member voting systems.  Give an example of each. 
18. Given the weighted voting system [4: 1, 2, 3],  

a. list all winning coalitions. 
b. list all blocking coalitions. 

19. Given the weighted voting system [16: 3, 9, 4, 5, 10], calculate the Banzhaf power index for each 
voter. 

20. Given the weighted voting system [14: 8, 2, 5, 7, 4], calculate the Shapley-Shubik power index for 
each voter. 

 



Math 13 – Liberal Arts Math – HW7 Solutions – Chapter 11\ 

1. Give an example of a weighted voting system that has a dummy voter but no dictator that is not  
[6:5,3,1]. 
SOLN: One solution is [9: 6, 5, 2], or [100: 98, 2, 1] 

2. Explain why the weighted voting system [13: 10, 6, 5, 3, 2] is not a legitimate weighted voting 
system. 
SOLN:  The system given is not a legitimate weighted voting system because the quota is exactly 
half of the total vote weight.  Two different complementary coalitions exist with vote weight total of 
13, (A, D) and (B, C, E). 

3. Give an example of a weighted voting system that has a blocking coalition that would not be a 
winning coalition if all its members voted YES. 
SOLN.  One solution is:  In the [14: 10, 6, 5, 3, 2], the coalition (A, D) is a blocking coalition 
because (B, C, E) has only 13 votes.  (A, D) would not be a winning coalition by voting "yes" 
because (A, D) has only 13 votes. 

4. Given the weighted voting system [30: 20, 17, 10, 5], list all winning coalitions. 
SOLN: (A, D)  (A, C)  (B, C, D)  (A, B, C)  (A, B, D)  (A, C, D)  (A, B, C, D). 

5. Given the weighted voting system [51: 45, 43, 7, 5],  
a. list all blocking coalitions. 

SOLN: (A, B)  (A, C)  (A, B, C)  (A, B, D)  (A, C, D)  (A, D)  (B, C)  (B, C, D)  (A, B, C, D) 
b. list all minimal winning coalitions 

SOLN: (A, B)  (A, C)  (B, C, D) 
6. Given the weighted voting system [30: 20, 17, 10, 5],  

a. list all minimal winning coalitions. 
SOLN: (A, B)  (A, C)  (B, C, D)  

b. list all blocking coalitions. 
SOLN: (A, B)  (A, C)  (A, B, C)  (A, B, D)  (A, C, D)  (B, C, D)  (A, B, C, D)  (A, D)  (B, C) 

7. A weighted voting system has four voters, A, B, C, and D.  List all possible coalitions of these 
voters.  How many such coalitions are there? 
SOLN:  There are 16 coalitions possible from four voters: 
Ø, (A) (B) (C) (D)  (A, B)  (A, C)  (A, D)  (B, C)  (B, D)  (C, D)  (A, B, C)  (A, B, D)  (A, C, D) (B, 
C, D)  (A, B, C, D) 

8. In a weighted voting system, is a voter with veto power the same as a dictator?   Why or why not? 
SOLN:  NO:  A voter with veto power has enough votes to block any measure, but not necessarily 
enough to pass any issue.  A dictator has enough votes to pass any issue on his or her own 

9. A weighted voting system has 12 members.  How many distinct coalitions are there in which exactly 
seven members vote YES? 

଻ܥ12 ൌ
12!
7! 5!

ൌ
12 ⋅ 11 ⋅ 10 ⋅ 9 ⋅ 8

5 ⋅ 4 ⋅ 3 ⋅ 2
ൌ 11 ⋅ 9 ⋅ 8 ൌ 792 

10. Given the weighted voting system [5: 3, 2, 1, 1, 1], find which voters of the coalition  
{A, C, D, E} are critical? 



SOLN:  Since the coalition {A, C, D, E} has one extra vote, the only critical member is voter A with 
weight 3. 

11. Given the weighted voting system [8: 5, 4, 3], find the Banzhaf power index for each voter. 
SOLN:  There are 6 permutations of the voters: 
ABC, ACB, BAC, BCA, CAB, CBA.  A is pivotal in BAC, BCA, CAB and CBA while B is pivotal 

in ABC and C is pivotal in ACB, so the SSPI is ቄଶ
ଷ
, ଵ
଺
, ଵ
଺
ቅ.  But we’re asked for the Banzhaf Power 

Index…For that we make a listing of all possible voting coalitions, of which there are 23 = 8. 
As the table below indicates, the BPI is ሼ6,2,2ሽ. 

A  B   C  Critical 

1  1  1  A 

1  1  0  AB 

1  0  1  AC 

0  1  1  A 

1  0  0  BC 

0  1  0  A 

0  0  1  A 

0  0  0   

 

12. Given the weighted voting system [14: 10, 6, 5, 3], find the Banzhaf power index for each voter. 
SOLN:  Now there are 24 = 16 coalitions (with the critical voters as tabulated below) so the BPI is 
ሼ10,6,6,2ሽ. 

A  B   C  D  Critical  A  B  C  D  Critical 

1  1  1  1   0  1  1  0  A  D  
1  1  1  0  A 0  1  0  1  A C 
1  1  0  1  AB 0  0  1  1  AB 
1  0  1  1  A C 0  0  0  1   
0  1  1  1   BCD 0  0  1  0  A 
1  1  0  0  AB 0  1  0  0  A 
1  0  1  0  A C 1  0  0  0   BC 
1  0  0  1   BC 0  0  0  0   
 

13. Given the weighted voting system [7: 4, 1, 1, 1, 1, 1], find the Banzhaf power index for each voter. 
SOLN:  Now there are 26 = 64 different coalitions, but rather than list them all, we not that there are 

ቀ5
3
ቁ ൌ 10 ways a group of weight-1 voters can be a critical part of a blocking coalition and ቀ5

3
ቁ ൌ

10 ways a pair of weight-1 voters can be a critical part of a winning coalition, so each of the weight-
1 voters has BPI of 20.  Also, voter A is critical in the winning coalitions 3, 4, or 5 weight-1 voters, 
of which there are 10+5+1=16 and critical in the blocking coalitions involving 0, 1, or 2 weight-1 
voters, of which there are 1+5+10=16.  Thus the BPI is ሼ32,20,20,20,20,20ሽ. 

14. Give an example of a weighted voting system that is equivalent to the [15: 8, 7, 6]. 
SOLN:  There are many good solutions here.  One solution is: [32: 20, 15, 10].   



15. What is the difference between a "critical" voter in a coalition and a "pivotal" voter in a 
permutation? 
SOLN:  A critical voter in a winning or blocking coalition is any voter who has sufficient weight so 
that the coalition would no longer be winning or blocking were this voter to switch their vote.  The 
order of voters in the coalition does not matter.  There can be more than one critical voter in a 
coalition.  A pivotal voter is the first voter who joins a coalition and gives that coalition enough 
votes to win.  Each permutation has exactly one pivotal voter. 

16. Calculate the Shapely-Shubik power index for the weighted voting system  
a. [30: 20, 17, 10, 5]. 

SOLN:  There are 4! = 24 permutations, so it’s not too hard to list them all (see below.) 

Tallying up we see the SSPI is ቄ ହ
ଵଶ
, ଵ
ସ
, ଵ
ସ
, ଵ
ଵଶ
ቅ 

ABCD  ADBC  BCAD  CABD  CDAB  DBAC 

ABDC  ADCB  BCDA  CADB  CDBA  DBCA 

ACBD  BACD  BDAC  CBAD  DABC  DCAB 

ACDB  BADC  BDCA  CBDA  DACB  DCBA 

b. [8: 6, 1, 1, 1, 1, 1]. 
SOLN:  Here there will be 6! = 720 permutations, but we can categorize them as (1) 
permutations in which 6 goes first or second, in each case there are 4! = 24 ways to rearrange the 
weight-1 voters around a particular pivotal weight-1 voter, so each weight-1 voter is pivotal in 48 
different permutations.  Since this is true for each of the 5 weight-1 voters, there are 240 
permutations in which A is not pivotal.  A is thus pivotal in 720 – 240 = 480 permutations. Thus 

the SSPI is ቄସ଼଴
଻ଶ଴

, ସ଼
଻ଶ଴

, ସ଼
଻ଶ଴

, ସ଼
଻ଶ଴

, ସ଼
଻ଶ଴
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17. There are five distinct three-member voting systems.  Give an example of each. 
Answers may vary.  One example of each of the five distinct voting systems is: 

[3: 3, 1, 1]  dictator 
[4: 2, 2, 1]  two with veto power 
[2: 1, 1, 1]  each voter is equal, majority rules 
[3: 2, 1, 1]  one with veto power 
[3: 1, 1, 1]  unanimous vote required 

18. Given the weighted voting system [4: 1, 2, 3],  
a. list all winning coalitions. 

SOLN:  {A, C}, {B, C}, {A, B, C} 
b. list all blocking coalitions. 

SOLN:  {C}, {A, B}, {A, C}, {B, C}, {A, B, C} 
19. Given the weighted voting system [16: 3, 9, 4, 5, 10], calculate the Banzhaf power index for each 

voter. 
SOLN:  (4, 8, 4, 4, 8)   There are 25 = 32 coalitions (itemized with critical voters below.) 
So the BPI is ሼ8,16,8,8,16ሽ. 

coalition CV  CV  CV  CV 
11111  10110  B  E 11000   CDE 00101 AB D 
11110 B 01110  BCD 10100  B  E 00011 ABC 



11101  11001  B  E 10010  B  E 10000  
11011  10101 A C E 10001  BCD 01000     E 
10111     E 01101  B  E 01100 A  DE 00100  
01111  10011 A  DE 01010 A C E 00010  
11100 ABC 01011  B  E 01001  B  E 00001  B 
11010 AB D 00111   CDE 00110  B  E 00000  

 

20. Given the weighted voting system [14: 8, 2, 5, 7, 4], calculate the Shapley-Shubik power index for 
each voter. SOLN:  Here there are 5! = 120 permutations.  Yikes.  Here it goes! 

ቄ ସଶ
ଵଶ଴

,
ଵଶ

ଵଶ଴
,
ଶଶ

ଵଶ଴
,
ଷଶ

ଵଶ଴
,
ଵଶ

ଵଶ଴
ቅ ൌ ቄ ଻

ଶ଴
,
ଵ

ଵ଴
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ଵଵ

଺଴
,
ସ

ଵହ
,
ଵ

ଵ଴
ቅ  

ABCDE ADCBE BACDE BDCAE CBADE CDABE DBCAE DACBE EBCDA EDCBA
ABCED ADCEB BACED BDCEA CBAED CDAEB DBCEA DACEB EBCAD EDCAB
ABDCE ADBCE BADCE BDACE CBDAE CDBAE DBACE DABCE EBDCA EDBCA
ABDEC ADBEC BADEC BDAEC CBDEA CDBEA DBAEC DABEC EBDAC EDBAC
ABEDC ADEBC BAEDC BDEAC CBEDA CDEBA DBEAC DAEBC EBADC EDABC
ABECD ADECB BAECD BDECA CBEAD CDEAB DBECA DAECB EBACD EDACB
ACBDE AECDB BCADE BECDA CABDE CEADB DCBAE DECAB ECBDA EACDB
ACBED AECBD BCAED BECAD CABED CEABD DCBEA DECBA ECBAD EACBD
ACDBE AEDCB BCDAE BEDCA CADBE CEDAB DCABE DEACB ECDBA EADCB
ACDEB AEDBC BCDEA BEDAC CADEB CEDBA DCAEB DEABC ECDAB EADBC
ACEDB AEBDC BCEDA BEADC CAEDB CEBDA DCEAB DEBAC ECADB EABDC
ACEBD AEBCD BCEAD BEACD CAEBD CEBAD DCEBA DEBCA ECABD EABCD
02244 02280 30252 70410 32052 52032 52302 90300 70140 32520
 

That was awful!   


