
Math 1b Final Exam – fall ’11   Name_________________________ 
Directions:  Write all responses on separate paper.  Show all work for credit.  No calculators. 
 

1. Consider ׬ cos ݔ రഏయ଴ݔ݀   
a. Simplify the approximation to the integral using the trapezoidal  method with n = 4. 
b. Simplify the approximation to the integral using the midpoint method with n = 4. 
c. Simplify the approximation to the integral using the Simpson’s  method with 2n = 8. 
d. Which of the above estimates is an/are overestimate(s)? 

 

2. Consider ܫ ൌ ׬ cos௡ ݔ ഏమ଴ݔ݀  

a. Use integration by parts to derive the reduction formula ܫ ൌ ௡ିଵ௡ ׬ cos௡ିଶ ݔ ഏమ଴ݔ݀  
Hint:  use ݑ ൌ cos୬ିଵ ݒ݀ and ݔ ൌ cos ݔ  .ݔ݀

b. Use the reduction formula to evaluate ׬ cos଻ ݔ ഏమ଴ݔ݀ . 
 

3. Consider the region bounded by cos ݔ ൑ ݕ ൑ cosଶ ݔ where ݔ ∈ ቂ0, గଶቃ. 
Set up and evaluate integrals to compute each of the following: 
a. The volume of revolution when this region is revolved about the x-axis, using discs. 
b. The volume of revolution when this region is revolved about the y-axis, using shells. 

 
4. Find the surface area of the volume formed by revolving ݕ ൌ 1 െ  .ଶ for 0 ≤ x ≤ 1, about the y–axisݔ

 
 

5. Set up an integral to compute the total fluid force on 
one side of the vertical plate submerged in water as 
shown at right.  You don’t need to evaluate the integral. 
Hint: recall the element of force is  
         = force density * depth * element of surface area 

       
 

6. Find the arc length of the curve given by the parametric equations ݔ ൌ 1 ൅ ,ଶݐ ݕ ൌ 2 ൅    ଷݐ
between the points (2, 3) and (5, 10) in the xy-plane. 
 

7. Find the area enclosed by the curve ݎ ൌ sinሺ3ߠሻ. 
The graph of this polar function is shown at right. 
Hint: Recall that the form of a polar integral is ׬ ௥మଶ ௕௔ߠ݀  
 

8. Expand ݂ሺݔሻ ൌ √1 ൅ ଶయݔ  as a binomial series to obtain a 6th degree approximating polynomial. 
 

9. Find the radius of convergence and interval of convergence of the power series, ݂ሺݔሻ ൌ ∑ ሺଶ௫ିଷሻ೙௡!ஶ௡ୀ଴ . 
 

10. Simplify the fifth degree Taylor polynomial for  ݂ሺݔሻ ൌ sin ܽ expanded about  ݔ2 ൌ గ଼.  
 
 



Math 1b Final Exam Solutions – fall ‘11 

1. Consider ׬ cos ݔ రഏయ଴ݔ݀   
a. Simplify the approximation to the integral using the trapezoidal  method with n = 4. 

SOLN: ∆ݔ ൌ రഏయ ି଴ସ ൌ గଷ.  So the trapezoidal method yields 

න cos ݔ ସగଷ଴ݔ݀ ൎ 3ߨ ቌcos 02 ൅ cos 3ߨ ൅ cos 3ߨ2 ൅ cos ߨ ൅ cos ቀ43ߨ ቁ2 ቍ ൌ 3ߨ ൬12 ൅ 12 െ 12 െ 1 െ 14൰ ൌ െ  4ߨ

b. Simplify the approximation to the integral using the midpoint method with n = 4. න cos ݔ ସగଷ଴ݔ݀ ൎ 3ߨ ൬cos 6ߨ ൅ cos 2ߨ ൅ cos 6ߨ5 ൅ cos ൬76ߨ ൰൰ ൌ 3ߨ ቆ√32 ൅ 0 െ √32 െ √32 ቇ ൌ െ 36√ߨ  

c. Simplify the approximation to the integral using the Simpson’s method with 2n = 8. 18ߨ ൬cos 0 ൅ 4cos 6ߨ ൅ 2cos 3ߨ ൅ 4 cos 2ߨ ൅ 2 cos 3ߨ2 ൅ 4 cos 6ߨ5 ൅ 2 cos ߨ ൅ 4 cos ൬76ߨ ൰ ൅ cos 3ߨ4 ൰ൌ 18ߨ ൬1 ൅ 2√3 ൅ 1 ൅ 0 െ 1 െ 2√3 െ 2 െ 2√3 െ 12൰ ൌ െ 18ߨ ቆ3 ൅ 4√32 ቇ 

Note that 
ቆ–ഏరାଶ൬ିഏ√యల ൰ቇଷ ଵଶଵଶ ൌ െ గ൫ଷାସ√ଷ൯ଷ଺  confirms that Simpson’s approximation is the weighted 

average of trapezoid and midpoint approximations. 
d. Which of the above estimates is an/are overestimate(s)? 

The true value of the integral is ׬ cos ݔ రഏయ଴ݔ݀ ൌ sin ଴ସగ/ଷ|ݔ ൌ sin ସగଷ ൌ െ √ଷଶ ൎ െ0.866  

Now  െ గସ ൎ െ ଷ.ଵସଵହଽସ ൎ െ0.7854 and െ గ√ଷ଺ ൎ െ ଷ.ଵସଵହଽ଺ ⋅ 1.732 ൎ െ0.5236 ⋅ 1.732 ൎ െ0.907 

This means the Simpson approximation is ൎ െ ൫଴.଻଼ହସାଶሺ଴.ଽ଴଻ሻ൯ଷ ൌ െ ଶ.ହଽଽସଷ ൎ െ0.8665 so we have 
midpoint < Simpson < true value < trapezoid, though the Simpson approximation is so close to the 
true value, it’s hard to distinguish without a calculator.  Note that the part of the integral that 
doesn’t cancel out is the part between ߨ and 43/ߨ, where the cosine curve is concave up.  Thus the 
midpoint will be an underestimate and the trapezoid an over estimate. 

2. Consider ܫ ൌ ׬ cos௡ ݔ ഏమ଴ݔ݀  

a. Use integration by parts to derive the reduction formula ܫ ൌ ௡ିଵ௡ ׬ cos௡ିଶ ݔ ഏమ଴ݔ݀  
Hint:  use ݑ ൌ cos୬ିଵ ݒ݀ and ݔ ൌ cos ݔ  .ݔ݀

SOLN:  With ൬ ݑ ൌ cos୬ିଵ ݔ ݒ݀ ൌ cos ݔ ݑ݀ݔ݀ ൌ െሺ݊ െ 1ሻ cos௡ିଶ ݔ sin ݔ ݔ݀ ݒ ൌ sin ݔ ൰, we have  
ܫ ൌ න cos௡ ݔ గଶݔ݀

଴ ൌ cos୬ିଵ ݔ sin ଴గ/ଶ|ݔ ൅ ሺ݊ െ 1ሻ න cos௡ିଶ ݔ sinଶ ݔ గ/ଶݔ݀
଴ൌ െሺ݊ െ 1ሻ ൭ܫ െ න cos௡ିଶ ݔ గଶ଴ݔ݀ ൱ 

We can solve this equation for I: ݊ܫ ൌ ሺ݊ െ 1ሻ ׬ cos௡ିଶ ݔ ഏమ଴ݔ݀  or ܫ ൌ ௡ିଵ௡ ׬ cos௡ିଶ ݔ ഏమ଴ݔ݀  
 

b. Use the reduction formula to evaluate ׬ cos଻ ݔ ഏమ଴ݔ݀ . 

SOLN:  ׬ cos଻ ݔ ഏమ଴ݔ݀ ൌ ଺଻ ⋅ ସହ ⋅ ଶଷ ׬ cos ݔ గ/ଶ଴ݔ݀ ൌ ଵ଺ଷହ 
 



3. Consider the region bounded by cos ݔ ൑ ݕ ൑ cosଶ ݔ where ݔ ∈ ቂ0, గଶቃ. 
Set up and evaluate integrals to compute each of the following: 
a. The volume of revolution when this region is revolved about the x-axis, using discs. 

SOLN:  ׬ߨ ܴଶ െ ݔଶ݀ݎ ൌ ߨ ׬ cosଶ ݔ െ cosସ ݔ ഏమ଴ݔ݀ ൌ ߨ ቀଵଶ గଶ െ ଷସ ଵଶ గଶቁ ൌ గమଵ଺  
b. The volume of revolution when this region is revolved about the y-axis, using shells. 

SOLN:  2׬ߨ ݔ݄݀ݎ ൌ ߨ2 ׬ ሺcosݔ ݔ െ cosଶ ሻഏమ଴ݔ ݔ݀ ൌ ቆ ݑ ൌ ݔ ݒ݀ ൌ cos ݔ െ cosଶ ݔ ݑ݀ݔ݀ ൌ ݔ݀ ݒ ൌ sin ݔ െ ௫ଶ െ ୱ୧୬ ଶ௫ସ ቇ 

ߨ2 ൭ݔ sin ݔ െ ଶ2ݔ െ ݔ sin 4ݔ2   ቤ଴
గ/ଶ൱ െ ߨ2 න sin ݔ െ 2ݔ െ sin 4ݔ2 గ/ଶݔ݀

଴  

ൌ ߨ2 ቆ2ߨ െ ଶ8ߨ ቇ െ ߨ2 ቆ െ cos ݔ െ ଶ4ݔ ൅ cos 8ݔ2 ቇቤ଴
గଶ  ൌ ଶߨ െ ଷ4ߨ െ ߨ2 ቆ1 െ ଶ16ߨ െ 14ቇ

ൌ െ ଷ8ߨ ൅ ଶߨ െ 2ߨ3 ൌ െ 8ߨ ሺ12 െ ߨ8 ൅  ଶሻߨ
4. Find the surface area of the volume formed by revolving ݕ ൌ 1 െ  .ଶ for 0 ≤ x ≤ 1, about the y–axisݔ

SOLN:  2׬ߨ ݏ݀ݎ ൌ ߨ2 ׬ ට1ݔ ൅ ቀௗ௬ௗ௫ቁଶ ଵ଴ݔ݀ ൌ ߨ2 ׬ 1√ݔ ൅ ଵ଴ݔଶ݀ݔ4 ൌ గସ ׬ ହଵݑ݀ݑ√ ൌ గ଺ ሺ5√5 െ 1ሻ 
5. Set up an integral to compute the total fluid force on 

one side of the vertical plate submerged in water as 
shown at right.  You don’t need to evaluate the integral. 
Hint: recall the element of force is  
         = force density * depth * element of surface area        
SOLN: Introduce a coordinate system with origin at the tip top of the triangle and pointing straight 
down.  Then the cross-sectional length will increase with x according to ݈ሺݔሻ ൌ ସ௫ହ , giving an element of 

surface area at a nearly constant depth x of ݀ܣ ൌ ସ௫ହ Thus the total force = 9810  .ݔ݀ ׬ ସହ ହ଴ݔଶ݀ݔ ൌ2616ݔଷ|଴ହ ൌ 2616ሺ125ሻ ൌ 327000ܰ. 
6. Find the arc length of the curve given by the parametric equations ݔ ൌ 1 ൅ ,ଶݐ ݕ ൌ 2 ൅    ଷݐ

between the points (2, 3) and (5, 10) in the xy-plane. 

SOLN:  ܮ ൌ ׬ ݏ݀ ൌ ׬ ටቀௗ௫ௗ௧ቁଶ ൅ ቀௗ௬ௗ௧ቁଶ ଶଵݐ݀ ൌ ׬ ଶݐ4√ ൅ ଶଵݐସ݀ݐ9 ൌ ׬ 4√ݐ ൅ ଶଵݐଶ݀ݐ9 ൌ ଵଵ଼ ׬ ସ଴ଵଷݑ݀ݑ√ ൌଵଶ଻ యమቚଵଷସ଴ݑ ൌ ସ଴√ସ଴ିଵଷ√ଵଷଶ଻ ൌ ଼଴√ଵ଴ିଵଷ√ଵଷଶ଻  

7. Find the area enclosed by the curve ݎ ൌ sinሺ3ߠሻ. 
The graph of this polar function is shown at right. 
Hint: Recall that the form of a polar integral is ׬ ௥మଶ ௕௔ߠ݀  

SOLN:  ׬ ୱ୧୬మ ଷఏଶ గ଴ߠ݀ ൌ ଵସ ׬ 1 െ cos ߠ6 గ଴ߠ݀ ൌ ଵସ ߠ െ ୱ୧୬ ଺ఏ଺ ቚ଴గ ൌ గସ  

8. Expand ݂ሺݔሻ ൌ √1 ൅ ଶయݔ  as a binomial series to obtain a 6th degree approximating polynomial. 
SOLN:  √1 ൅ ଶయݔ ൌ ∑ ቀ1/3݊ ቁ ଶ௡ஶ௡ୀ଴ݔ ൎ 1 ൅ ଵଷ ଶݔ െ ଵଽ ସݔ ൅ ହ଼ଵ  ଺ݔ

9. Find the radius of convergence and interval of convergence of the power series, ݂ሺݔሻ ൌ ∑ ሺଶ௫ିଷሻ೙௡!ஶ௡ୀ଴ . 

SOLN:  The series converges if lim௡→ஶ ቚሺଶ௫ିଷሻ೙శభሺ௡ାଵሻ! ⋅ ௡!ሺଶ௫ିଷሻ೙ቚ ൌ lim௡→ஶ ଶ௫ିଷ௡ାଵ ൌ 0 for all x.  Thus the radius 
of convergence is ∞ and the interval of convergence is ሺെ∞, ∞ሻ 

10. Simplify the fifth degree Taylor polynomial for  ݂ሺݔሻ ൌ sin ܽ expanded about  ݔ2 ൌ గ଼.  ∑ ௙ሺ೙ሻቀഏఴቁ௡! ቀݔ െ గ଼ቁ௡ହ௡ୀ଴ ൌ √ଶଶ ൅ √2 ቀݔ െ గ଼ቁ െ √2 ቀݔ െ గ଼ቁଶ െ ଶ√ଶଷ ቀݔ െ గ଼ቁଷ ൅ √ଶ଺ ቀݔ െ గ଼ቁସ ൅ √ଶଵହ ቀݔ െ గ଼ቁହ
  

 


