
Math 1B—Calculus II – Chapters 8 and 10 Problems, Fall 2011 Name______________________________ 
Write all responses on separate paper.  Show your work for  credit.  Don’t use a calculator. 

1. Find the length of the curve  ݔ ൌ ௬య଺ ൅ ଵଶ௬ between y = 1 and y = 2.  

 
2. Find the length of the curve described by the parametric equations ݔ ൌ ݁௧ ൅ ݁ି௧, ݕ ൌ ݐ2 െ 4  for  0 ൑ ݐ ൑ 2.  

 

3. Find the surface area generated by rotating about the y–axis the curve ݕ ൌ ଵଵା௫మ	 for 1 ≤ x ≤ 2. 
 
 

4. Consider the surface area generated by revolving about the x-axis the portion of the curve ݎ ൌ ݂ሺߠሻ 
between where ߠ ൌ ܽ and ߠ ൌ ܾ. 

a. Show that this surface area is computed by ׬ ݎߨ2 sin ߠ ටݎଶ ൅ ቀௗ௥ௗఏቁଶ ௕௔	ߠ݀  

b. Use this formula to show that when the curve ݎ ൌ 2 sin for 0 ߠ ൑ ߠ ൑ గଶ is revolved about the x-axis, 
the surface area generated is 4ߨ. 
 
 

5. Suppose the lifetime (in days) of an electric light bulb is a random variable with a probability density 
function ,  ܮሺݐሻ ൌ ቄ 0				if	ݐ ൏ ݐ	if		గ௧ି݁ݐ݇		0 ൒ 0   
a. Find the value of ݇ that is needed for ܮሺݐሻ to be a probability density function. 
b. Find the mean value for the lifetime of this electric light bulb. 
c. Express the probability that this light bulb lasts more than 100 days as an integral. 
 

6. A rectangle R with sides a and b is divided into two 
parts, R1 and R2, by the curve y = x3, as shown in the 
figure at right.  Find the centroid of each part. 
 
 

7. The ellipse with major axis of length 4 and minor 
axis of length 2 is submerged in water so that its 
major axis is horizontal and the center of the ellipse 
is 100 meters below the surface.  Set up but do not 
evaluate an integral to compute the total fluid force 
on one face of the ellipse. 

 

 
 
 
 
 
 
 
 

 



Math 1B—Calculus II – Chapters 8 and 10 Problems Solutions 

1. Find the length of the curve  ݔ ൌ ௬య଺ ൅ ଵଶ௬ between y = 1 and y = 2.  

SOLN: 1 ൅ ቀௗ௫ௗ௬ቁଶ ൌ 1 ൅ ቀ௬మଶ െ ଵଶ௬మቁଶ ൌ 1 ൅ ቀ௬రସ െ ଵଶ ൅ ଵସ௬రቁ ൌ ௬రସ ൅ ଵଶ ൅ ଵସ௬ర ൌ ቀ௬మଶ ൅ ଵଶ௬మቁଶ 

Thus ܮ ൌ ׬ ට1 ൅ ቀௗ௫ௗ௬ቁଶଶଵ ݕ݀ ൌ ׬ ቀ௬మଶ ൅ ଵଶ௬మቁ ଶଵݕ݀	 ൌ ௬య଺ െ ଵଶ௬ቚଵଶ ൌ ସଷ െ ଵସ െ ቀଵ଺ െ ଵଶቁ ൌ ଵ଻ଵଶ		 
 

2. Find the length of the curve described by the parametric equations ݔ ൌ ݁௧ ൅ ݁ି௧, ݕ ൌ ݐ2 െ 4  for  0 ൑ ݐ ൑ 2.  

SOLN:ቀௗ௫ௗ௧ቁଶ ൅ ቀௗ௬ௗ௧ቁଶ ൌ ሺ݁௧ െ ݁ି௧ሻଶ 	൅ 4 ൌ ݁ଶ௧ െ 2 ൅ ݁ିଶ௧ ൅ 4 ൌ ݁ଶ௧ ൅ 2 ൅ ݁ିଶ௧ ൌ ሺ݁௧ ൅ ݁ି௧ሻଶ 

Thus ܮ ൌ ׬ ටቀௗ௫ௗ௧ቁଶ ൅ ቀௗ௬ௗ௧ቁଶଶ଴ ݐ݀ ൌ ׬ ሺ݁௧ ൅ ݁ି௧ሻଶ଴ ݐ݀ ൌ ݁௧ െ ݁ି௧|଴ଶ ൌ ݁ଶ െ ଵ௘మ 
 

3. Find the surface area generated by rotating about the y–axis the curve ݕ ൌ ଵଵା௫మ	 for 1 ≤ x ≤ 2. 

SOLN:  ׬ ݏ݀ݎߨ2 ൌ ߨ2 ׬ ඥ1ݔ ൅ ሺݕᇱሻଶ݀ݔଶଵ ൌ ߨ2 ׬ ට1ݔ ൅ ቀ ିଶ௫ሺଵା௫మሻమቁଶ ଶଵݔ݀ ൌ ߨ2 ׬ ௫ඥሺ௫మାଵሻరାସ௫మଵା௫మ ଶଵݔ݀  
It seems this integral doesn’t have an elementary antiderivative.  The command, Integrateሾݔ ∗ Sqrtሾሺݔଶ ൅ 1ሻସ ൅ 	ଶሿݔ4 ሺ1 ൅ ⁄ଶሻݔ , ሿ just returns the unsimplified integral, නݔ ௫ඥሺ௫మାଵሻరାସ௫మ௫మାଵ ଶݔ݀
ଵ ൎ 5.43992 

 
4. Consider the surface area generated by revolving about the y-axis the portion of the curve ݎ ൌ ݂ሺߠሻ 

between where ߠ ൌ ܽ and ߠ ൌ ܾ. 

a. Show that this surface area is computed by ׬ ݎߨ2 sin ߠ ටݎଶ ൅ ቀௗ௥ௗఏቁଶ ௕௔	ߠ݀  
SOLN:  Using ݔ ൌ ݎ cos ߠ ൌ ݂ሺߠሻ cos ݕ and ߠ ൌ ݎ sin ߠ ൌ ݂ሺߠሻ sin we have  ௗ௫ௗఏ ߠ ൌ ௗ௥ௗఏ cos ߠ െ ݎ sin    and  ߠ

ௗ௬ௗఏ ൌ ௗ௥ௗఏ sin ߠ ൅ ݎ cos ൰ଶߠ݀ݔso that  ൬݀ ߠ ൅ ൬݀ߠ݀ݕ൰ଶ ൌ ൬݀ߠ݀ݎ cos ߠ െ ݎ sin ൰ଶߠ ൅ ൬݀ߠ݀ݎ sin ߠ ൅ ݎ cos ൰ଶൌߠ ൬݀ߠ݀ݎ൰ଶ ሺcosଶ ߠ ൅ sinଶ ሻߠ ൅ ݎ2 ߠ݀ݎ݀ ሺsin ߠ cos ߠ െ cos ߠ sin ሻߠ ൅ ଶሺsinଶݎ ߠ ൅ cosଶ  	ሻߠ
Thus ݀ݏ ൌ ඥ݀ݔଶ ൅ ଶݕ݀ ൌ ටቀௗ௫ௗఏቁଶ ൅ ቀௗ௬ௗఏቁଶ ߠ݀ ൌ ටݎଶ ൅ ቀௗ௥ௗఏቁଶ   ߠ݀

and the surface area of revolution @ x-axis is ׬ ݏ݀ݕߨ2 ൌ ׬ ݎߨ2 sin ߠ ටݎଶ ൅ ቀௗ௥ௗఏቁଶ ௕௔	ߠ݀ . 

b. Use this formula to show that when the curve ݎ ൌ 2 cos for 0 ߠ ൑ ߠ ൑ గଶ is revolved about the x-axis, 
the surface area generated is 4ߨ. 
SOLN:  2ߨ ׬ ሺ2 cos ሻߠ sin ߠ ඥሺ2 cos ሻଶߠ ൅ ሺെ2 sin గ/ଶ଴	ߠሻଶ݀ߠ ൌ ߨ8 ׬ cos ߠ sin ߠ గ/ଶ଴ߠ݀ ൌ4ߨሺsin ሻ଴గ/ଶߠ ൌ  ߨ4
 



5. Suppose the lifetime (in days) of an electric light bulb is a random variable with a probability density 
function ,  ܮሺݐሻ ൌ ቄ 0				if	ݐ ൏ ݐ	if		గ௧ି݁ݐ݇		0 ൒ 0   
a. Find the value of ݇ that is needed for ܮሺݐሻ to be a probability density function. 

SOLN:  ׬ ஶିஶݐሻ݀ݐሺܮ ൌ ׬ ஶ଴ݐగ௧݀ି݁ݐ݇ ൌ lim௕→ஶ ׬ ௕଴ݐగ௧݀ି݁ݐ݇ ൌ	…  

use integration by parts with	ቆ ݑ ൌ ݐ݇ ݒ݀ ൌ ݁ିగ௧݀ݑ݀ݐ ൌ ݐ݀݇ ݒ ൌ െ ଵగ ݁ିగ௧ቇ…	ൌ lim௕→ஶെ݇ߨݐ ݁ିగ௧ฬ଴௕ ൅ ߨ݇ න ݁ିగ௧݀ݐ௕
଴  

                                          ൌ lim௕→ஶ	 ି௕௞గ௘ഏ್ ൅ 0െ ௞గమ ݁ିగ௧ቚ଴௕ ൌ ௞గమ (using L’Hopital’s rule.)   

So for L to qualify as a pdf, we require that ݇ ൌ  .ଶߨ
 

b. Find the mean value for the lifetime of this electric light bulb. 

SOLN:  The mean life time is ׬ ஶିஶݐሻ݀ݐሺܮݐ ൌ ଶߨ ׬ ஶ଴ݐଶ݁ିగ௧݀ݐ ൌ lim௕→ஶ ଶߨ ׬ ௕଴ݐଶ݁ିగ௧݀ݐ ൌ 

… do parts twice - first with	ቆ ݑ ൌ ଶݐଶߨ ݒ݀ ൌ ݁ିగ௧݀ݑ݀ݐ ൌ ݐ݀ݐଶߨ2 ݒ ൌ െ ଵగ ݁ିగ௧ቇ… ൌ lim௕→ஶെగ௧మ௘ഏ೟ቚ଴௕ ൅ ߨ2 ׬ ௕଴ݐగ௧݀ି݁ݐ  

ൌ 0൅ limܾ→∞2׬ߨ 0ܾݐ݀ݐߨെ݁ݐ .  Then use ቆ ݑ ൌ ݐߨ2 ݒ݀ ൌ ݁ିగ௧݀ݑ݀ݐ ൌ ݐ݀ߨ2 ݒ ൌ െ ଵగ ݁ିగ௧ቇ so that  න ஶݐሻ݀ݐሺܮݐ
ିஶ ൌ lim௕→ஶቆെ2ି݁ݐగ௧|଴௕ ൅ 2න ݁ିగ௧݀ݐ		௕

଴ ቇ ൌ 0 ൅ 2 ൬ lim௕→ஶ െ ߨ1 ݁ିగ௕ ൅ ൰ߨ1 ൌ  ߨ2

 
c. Express the probability that this light bulb lasts more than 100 days as an integral. 

SOLN: ߨଶ ׬ ݁ିగ௧݀ݐஶଵ଴଴ 	
 

6. A rectangle R with sides a and b is divided into two parts, R1 and R2, by 
the curve y = x3, as shown in the figure at right.  Find the centroid of each 
part.  SOLN:  Note that ܽଷ ൌ ܾ in this diagram.   
For R1,  the area is ׬ ௔଴ݔଷ݀ݔ ൌ ௔రସ  and so the area of ܴଶ ൌ ܾܽ െ ௔రସ ൌ ଷ௔రସ .  
For R1,   ܯ௫ ൌ ׬ ൫ܽݕ െ ඥݕయ ൯௕଴ 	ݕ݀ ൌ ௔௬మଶ െ ଷ௬ళయ଻ ቤ଴௔

య ൌ ௔ళଶ െ ଷ௔ళ଻ ൌ ௔ళଵସ .  

Also ܯ௒ ൌ ׬ ݔ ⋅ ௔଴ݔଷ݀ݔ ൌ ௔ఱହ  so for		ܴ1,			ሺݔഥ, ഥሻݕ ൌ ቀெ೤ெ , ெெೣ ቁ ൌ ቀ௔ఱହ ⋅ ସ௔ర , ௔ళଵସ ⋅ ସ௔రቁ ൌ ቀସ௔ହ , ଶ௔య଻ ቁ. 

For ܴଶ, ܯ௒ ൌ ׬ ݔ ⋅ ሺܽଷ െ ௔଴ݔ݀	ଷሻݔ ൌ ௔య௫మଶ െ ௫ఱହ ቚ଴௔ ൌ ଷ௔ఱଵ଴ 	 and 

௫ܯ   ൌ ׬ యݕ൫ඥݕ ൯௕଴ ݕ݀ ൌ ଷ଻ ሺܽଷሻళయ ൌ ଷ௔ళ଻   

so for ܴଶ, ሺ̅ݔ, തሻݕ ൌ ቀெ೤ெ , ெெೣ ቁ ൌ ቀଷ௔ఱଵ଴ ⋅ ସଷ௔ర , ଷ௔ళ଻ ⋅ ସଷ௔రቁ.  ൌ ቀଶ௔ହ , ସ௔య଻ ቁ 

 



7. The ellipse with major axis of length 4 and minor axis of length 2 is submerged in water so that its major 
axis is horizontal and the center of the ellipse is 100 meters below the surface.  Set up but do not evaluate 
an integral to compute the total fluid force on one face of the ellipse. 

                                
SOLN:  Center the coordinate system at the surface of the water directly above the center of the ellipse 
with the y-axis increasing in the downward direction.  Then the ellipse can be parameterized as  
ݔ  ൌ 2 sin ݕ  and  ݐ ൌ 100 െ cos  .ݐ
Then the four extreme points of the ellipse correspond to ݐ ൌ 0, గଶ , ,ߨ ଷగଶ , like so: ൫ݔሺ0ሻ, ሺ0ሻ൯ݕ ൌ(0,99)	ቆݔ ቀ2ߨቁ , ݕ ቀ2ߨቁቇ ൌ ሺ2,100ሻ ൫ݔሺߨሻ, ሻ൯ߨሺݕ ൌ ሺ0,101ሻ	ቆݔ ൬32ߨ ൰ , ݕ ൬32ߨ ൰ቇ ൌ ሺെ2,100ሻ 
Infinitesimal fluid force = force density of water * depth * infinitesimal area 
                                       ൌ ݕሻ݀ݔሺ2ݕ9810 ൌ 9810ሺ100 െ cos ሻሺ4ݐ sin ሻሺsinݐ ݐ  ሻݐ݀
Integrating from the top to the bottom (as t = 0 to π) so have the total fluid force is  ܨ ൌ ׬ ܨ݀ ൌ 39240න ሺ100 െ cos ሻݐ sinଶ ݐ గݐ݀

଴  

 
Of course you can also set this up using rectangular coordinates.  If we center the ellipse at the origin and 
orient the y-axos to increase upwards, then the equation for the ellipse is ௫మସ ൅ ଶݕ ൌ 1.  An infinitesimal 
element of fluid force is then 9810ሺ100 െ ݕ݀ݔሻ2ݕ ൌ 19620ሺ100 െ ሻ2ඥ1ݕ െ  ݕଶ݀ݕ
So the total fluid force is ܨ ൌ ׬39240 ሺ100 െ ሻඥ1ݕ െ ଵିଵݕଶ݀ݕ  


