Math 1B—Calculus II — Chapters 8 and 10 Problems, Fall 2011 Name

Write all responses on separate paper. Show your work for credit. Don’t use a calculator.

1.

2.

31
Find the length of the curve X = y? + Z betweeny=1and y=2.

Find the length of the curve described by the parametric equations x = et + e~ ¢,y =2t —4 for 0 <t < 2.

Find the surface area generated by rotating about the y—axis the curve y = for 1 <x<2.

+x2

Consider the surface area generated by revolving about the X-axis the portion of the curve r = f(6)
between where 8 = a and 8 = b.

2
a. Show that this surface area is computed by f; 2nrsinf /rz + (%) deo

b. Use this formula to show that when the curve r = 2sinf for0 < 6 < % is revolved about the X-axis,
the surface area generated is 4.

Suppose the lifetime (in days) of an electric light bulb is a random variable with a probability density
function, L(t) = { 0 ife <0
’ kte™™ ift > 0
a. Find the value of k that is needed for L(t) to be a probability density function.
b. Find the mean value for the lifetime of this electric light bulb.
c. Express the probability that this light bulb lasts more than 100 days as an integral.

A rectangle R with sides a and b is divided into two Vi
parts, R, and R,, by the curve y = X, as shown in the
figure at right. Find the centroid of each part.

The ellipse with major axis of length 4 and minor
axis of length 2 is submerged in water so that its R,
major axis is horizontal and the center of the ellipse r
i1s 100 meters below the surface. Set up but do not 0 o A
evaluate an integral to compute the total fluid force

on one face of the ellipse.
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1
1. Find the length of the curve X = y? + Z betweeny=1and y=2.

dx\? 2 1\? “+ 11 4 11 2 1\?
SOLN:1+(—") = 1+(y———) = 1+(y———+—) =L 4o+ —= (y—+—)
dy 2 2y2 4 2 y4 4 2 4y* 2 2y2
2 dx\? , (2 (y* 1) 3 1|2_4 1 (1 1)_17
ThuSL_f1 1+(dy) dy_1(2+2y2 dy_6 2yl; 3 4 \6 2/ 12
2. Find the length of the curve described by the parametric equations x = et + ety =2t —4 for 0 <t < 2.
2 2
SOLN:(%) + (%) =(et—e)2 +4=e?"-2+e 2 +4=04+2+e 2t = (et +e7t)?
2 2
Thus L = foz (%) + (%) dt = foz(et +e )dt =et —e b2 = e? —eiz
1
3. Find the surface area generated by rotating about the y—axis the curve y = Toa2 for 1 <x<2.
2 x\/(x2+1)4+4x2
SOLN: [ 2nrds = an x\J14 (y")%dx = an Jl + (1+ 2)2 =2m ] ———dx
It seems this integral doesn’t have an elementary antiderivative. The command,
Integrate[x * Sqrt[(x? + 1)* + 4x?] /(1 + x2), x] just returns the unsimplified integral,
f WOV gy ~ 543992
4. Consider the surface area generated by revolving about the y-axis the portion of the curve r = f(8)
between where 8 = a and 6 = b.
a. Show that this surface area is computed by f 2nrsinf /rz + ( ) deo
SOLN: Usingx =rcosf = f(0)cosf andy = rsinf = f(0) sin 6 we have
2 0s@—rsind and 2 =Lsing + rcos b so that
o~ do e 0 " ae sotha
(G) + (@) = (Geoso-rane) + (dr o reosd)
70 70 dHZCOS rsin 70 sin r COS
dr
(d@) (cos? @ + sin?0) + 2r—(sm 0 cos @ — cos B sin0) + r2(sin? 8 + cos? 6)

dy
Thus ds = /dxZ + dy —J () do = Jr2+ (5 )de
and the surface area of revolution @ x-axis is [ 2myds = f 2nrsin@ /rz + ( ) de .

b. Use this formula to show that when the curve r = 2cos 8 for0 < 8 < 5 is revolved about the X-axis,
the surface area generated is 4.
SOLN: 2m fon/z(Z cos6) sin6 /(2 cos )2 + (—2sinH)2dh = 8n fon/z cosfsin6 do =
47 (sin H)g/z =47




5. Suppose the lifetime (in days) of an electric light bulb is a random variable with a probability density

. 0 ift<O
function, L(t) = {kte_’lrt it >0

a. Find the value of k that is needed for L(t) to be a probability density function.
. b -
SOLN: [ L()dt = [ kte ™ dt = lim,_, [, kte ™ dt = ...

u=kt dv=e"dt
use integration by parts with _ _ 1 g ]
du=kdt v= —e
okt " kP,
= lim ——e™™| +—| e ™dt

= lim =2
"~ pooo meTb

So for L to qualify as a pdf, we require that k = 72,

_i —TL't|b — L . b : )
+0 —e , T (using L Hopital’s rule.)

b. Find the mean value for the lifetime of this electric light bulb.
. b -

SOLN: The mean life time is J__ tL()dt = w? [” t?e ™ dt = limy_e, w2 [, t2e ™™ dt =

u=m%t? dv=e"dt nt2|P b
— i -1t

du = 22t dt v=_%e_m> . 0+2nf0 te ™dt

u=2nt dv=e "dt

du =2ndt v= —%e‘”t

... do parts twice - first with (

=0+ lim Zﬂfob te~mdt. Then use ( ) so that
b—oo

tL(t)dt = lim | —2te ™[+ 2 | e ™dt =0+2(11m——e” +_)=_
—0o0 b—oo 0 b—co T T T

c. Express the probability that this light bulb lasts more than 100 days as an integral.
SOLN: 2 [ e ™t

100
6. A rectangle R with sides a and b is divided into two parts, R; and R, by y
the curve y =X, as shown in the figure at right. Find the centroid of each
part. SOLN: Note that a® = b in this diagram. = ‘
4 4 4 2
For R, the area is foaxsdx = a: and so the area of R, = ab — a: = 3%. b
For Ry, R, \
7,@° 5
_ b 3 __ay* 3y3 _a’ 3a’ _a’ 4 !
Me=lyyle=)dy ==--%| =5-5 =3
a 5 L My My\ _(a® 4 a’ 4\ _ (4a 2a®
Also My = fo x - x3dx =a?sofor Ry, (X,y) = (?'H) = (? T ) T\ )
For Ry, M —fax-(013—x3)dx—a3xz—£a—E d
or iy, Yy — 0 — > 5 0 - 10 an

7
M, = [0 y(fy)dy = 2@ = 3%

_ M, M 3a’ 4  3a’ 4

Yy X —_
so for R X —(— —)—(————)—
2 ( 'y) M’ M 10 3a%’ 7 3a%



7. The ellipse with major axis of length 4 and minor axis of length 2 is submerged in water so that its major
axis is horizontal and the center of the ellipse is 100 meters below the surface. Set up but do not evaluate
an integral to compute the total fluid force on one face of the ellipse.

A e e e

>

t=0]99
t =3n2 T f=ma?2
(-2,100) 7100 2.100)
t=m |101
L ) V

SOLN: Center the coordinate system at the surface of the water directly above the center of the ellipse
with the y-axis increasing in the downward direction. Then the ellipse can be parameterized as

x =2sint and y = 100 — cost.
Then the four extreme points of the ellipse correspond to t = 0, %, T, 37”, like so:

(x(0),y(0)) =(0,99)

(x (g)y (g)) — (2,100)

(x(m), y(m)) = (0,101)

(<)) = c20m

Infinitesimal fluid force = force density of water * depth * infinitesimal area
= 9810y(2x)dy = 9810(100 — cos t)(4sint)(sint dt)
Integrating from the top to the bottom (as t = 0 to 7) so have the total fluid force is

VA
F=/[dF = 39240[ (100 — cos t) sin? t dt
0

Of course you can also set this up using rectangular coordinates. If we center the ellipse at the origin and

orient the y-axos to increase upwards, then the equation for the ellipse is x; + y? = 1. An infinitesimal
element of fluid force is then

9810(100 — y)2xdy = 19620(100 — y)2+/1 — y2dy
So the total fluid force is F = 39240 f_11(100 — Y1 —y2dy



