Math 1B — Calculus II — Fall 11 — Chapter 7 Problems Name
Write all responses on separate paper. Show your work for credit. Don’t use a calculator.

1. Find the volume generated when the region bounded by y = sinx and y = 0 between x = 0 and x = z is revolved
around the y-axis. Recall that an element of volume is given by the shell dV = 2zrhdx.

1
2. Use integration by parts to find a reduction formula for IO x*e dx.

/6
3. Evaluate the integral '[0 cos (3x) cos (6x) dx by

a. Using the identity cos26 =2cos” 6 —1
b. Using the identity cos 4 cos B =" [cos(4 — B) + cos (4 + B)]

4. A particle moves along a straight line with velocity v(f) = cos(w?)sin*(w?).
Find its position function s = f(¢) if /(0) = 1.

1
x’—a
a. a<0
b. a>0

5. Find I dx interms of a if

6. Use trigonometric substitution to prove that vk
x 1 X -
2 7, . 2
J.O V1-t dt——2 arcsm(x)+—2 Vl-x 1

then interpret both terms on the right side of
the equation in terms of areas in the figure
at right.

0 x 4

7. Find the average value of f (x) =x*\4—x" on the interval [0,2].

8. Show the proper way of evaluating the improper integral J. B dx

1 x?+1

9. Determine whether the improper integral converges or diverges. Use comparison, if necessary.

a. J-:Q ! dx

Vxt +1
CE |
b. L mdx




Math 1B — Calculus |l —Fall '11 — Chapter 7 Problem Solutions

1. Find the volume generated when the region bounded by y = sinx and y = 0 between x = 0 and x = x is revolved
around the y-axis. Recall that an element of volume is given by the shell dV = 2zarhdx.

_ u=x dv=sinxdx
SOLN: Using

du=dx v=-cosx

s T

xsinx dx = —ancosx|g+2nf cosxdx =2m2+0+0—0 = 2r?
0

de=2nf

0

1
2. Use integration by parts to find a reduction formula for .[o x>e*dx.

2 3
u=x" dv=e"dx

SOLN: Using

du=2nx""dx v= %e”

1 3
1 1 2n 1 — e 2n 1 _
fo x2n83xdx — 3x2n83x| f xZn 1e3xdx — - f x2n 1e3xdx
0

3 J0 3 Jo
/6
3. Evaluate the integral _[0 cos(3x)cos(6x)dx by
a. Using the identity cos26 =2cos” 8—1
J.Oﬂ/é cos(3x) (2cos2 (3x) —1) dx = I:/62cos3 (3x) dx—J.:mcos (3x)dx
/6 . /6
= 2_[0 cos(3x) (1 —sin’ 3x) dx —_[0 cos(3x)dx
SOLN: = [ cos(3x)dr—2[ " cos (3x)sin’ 3xdx

(Let u =sin(3x) so that du =3cos(3x)dx)

Csindx™ 20 1 2 1

3, 9] 39 9

0
b. Using the identity cos 4 cos B =" [cos(4 — B) + cos (4 + B)]
SOLN:

JOM cos (3x)cos(6x)dx = %IOM cos(—3x)+cos (9x)dx =

6 18 9

sin(?a)c)r/é+sin(9x)|m6 111
18

A \o
4. A particle moves along a straight line with velocity v(f) = cos(w?)sin*(w?).
Find its position function s = f'(¢) if / (0) = 1.
SOLN: s =1+ [ Ot cos(wu) sin?(wu)du . Substituting v = sin(wu) so that dv = wcos(wu)du, we have
t sin(wt) 3 [sin(wt) 03
1 sin® (wt
s=1+fcos(wu)sin2(wu)du =1+5f vidv=1+— =1+—()
0 0

3w 3w
0



dx in terms of a if

5. Find I

x’—a
a. a<0
If a < 0 then substitute x> = — atan? 0 so that x = vV/—atan 8 and dx = vV/—asec? 6 df and
— sec20df _V-a V-
J'xz adx_ f —atan?6-a fd@— 0+C_
V-a x
" arctan Werr +c
b. a>0
If a > 0 then we can factor the denominator to get
1 1
fodx = [——dx =22 L Ly
x2-q (x- \/_)(x+\/_) Ja x+\/a

Cl
- (In(x = Va) — In(x + Va))
Note that this can also be done with the substitution, x = Va sec 8 so that dx = Va sec 8 tan 6 df and the

. f \/Esecetanedg _f\/_secetanedg _

asec20-a 29

dH———ln(csc9+cot9)+C— ;/Eln( -+ va )+c,

Vx?2—-a Vx?%-a

integral becomes

f asin @

which is another, equivalent, expression.

6. Use trigonometric substitution to prove that Vi
[V1—t2dt = %arcsin(x) + gm then interpret both
terms on the right side of the equation in terms of areas in the figure.
SOLN: The area in the figure is fox V1 — t2dt
Lett = sinf sothat dt = cosf df and we have [a

Jy V1 —t2de = farC51nxV1—31n2 cosfdf = g

anrCSIHX 2 ng _f

arcsinx 1+cos(260) =
— df= '

arcsin x

6 sin(@) cos(O 1 X
§+ ( )2 (6) =§arcsin(x) +§\/1 — x?
0

In the diagram, @ = arcsin(x), so the area of the unit circle sector

or? 1 .
with central angle 6 is N = - arcsm(x) and the area of the
triangular region is ¥4 base*height = > \/ 1 — x2

7. Find the average value of f (x) =x*\4—x" on the interval [0,2].

1 b 1 2
SOLN: Average value is a fa f(x) dx = > fO x*V4 — x2dx . Letx= 2sin(0) so that the integral



216 /* sin* V& — 4sinZ 8 2 cos 0 df = 32 /" sin* 6 cos? 6 dB =

. 2
32, ™/2(sin 6 cos 0)? sin? 0 d§ = 32 fn/z (szze) a czsze) do =

4 J'O”/Z sin? 20 (1 — cos 26)d8 = 4f0n/ sin®?20 df — 4 f()E sin” 260 cos 20 df =

Z1-sin46
4 [z—"—do ~ [ju

T

dx

8. Show the proper way of evaluating the improper integral f 711

SOLN: [ dx = limy_,arctan x|
- J1 2 2+1 - b—oo
. T s A
limy_,, arctanb — arctan 1 = T2

9. Determine whether the improper integral converges or diverges. Use comparison, if necessary.

co 1 BERT b 1 . _ _ 2
a. [, == dx = limp_o, /; 7=—dx Substitute x = tan 6, dx = sec® 6 df so that

arctanb sec? 6

o} 1
fl VxZ+1 dx = hmb_)oof sech do =
= limy_, ln(b + Vb2 + 1) — ln(l + \/i) = 00 so the integral is

divergent...but that’s hard. Why not observe that if x > 1 then Nz, > Nerei >0
x/i wl
sothatf \/—d > cdx=
o dx SOLN: Note that -—— < —= = x™2 50 that dx<fx 2dx
- \/— ote tha \/—1 \/F = X 2sothat ] \/3—

= limy_, e flb x‘idx = tl>im —2x 7 = 2, so the integral is convergent.
—00



