
Math 1B – Calculus II – Fall ’11 – Chapter 7 Problems  Name_______________________ 
Write all responses on separate paper.  Show your work for credit.  Don’t use a calculator. 

1. Find the volume generated when the region bounded by y = sinx and y = 0 between x = 0 and x = π is revolved 
around the y-axis.  Recall that an element of volume is given by the shell dV = 2πrhdx. 
 

2. Use integration by parts to find a reduction formula for 
1 2 3

0

n xx e dx∫ . 

 

3. Evaluate the integral ( ) ( )/6

0
cos 3 cos 6x x dx

π

∫  by 

a. Using the identity 2cos 2 2cos 1θ θ= −   
b. Using the identity cos A cos B = ½ [cos(A – B) + cos (A + B)] 

 
4. A particle moves along a straight line with velocity v(t) = cos(ωt)sin2(ωt).   

Find its position function s = f (t) if f (0) = 1. 
 

5. Find 2

1 dx
x a−∫  in terms of a if  

a. a < 0 
b. a > 0 

 
6. Use trigonometric substitution to prove that 

( )2 2

0

11 arcsin 1
2 2

x xt dt x x− = + −∫  

then interpret both terms on the right side of 
the equation in terms of areas in the figure 
at right.  

 
7. Find the average value of ( ) 4 24f x x x= −  on the interval [0,2]. 

 

8. Show the proper way of evaluating the improper integral 21

1
1

dx
x

∞

+∫  

 
9. Determine whether the improper integral converges or diverges. Use comparison, if necessary.  

a. 
21

1
1

dx
x

∞

+∫  

b. 
32

1
1

dx
x

∞

+∫  



Math 1B – Calculus II – Fall ’11 – Chapter 7 Problem Solutions 

1. Find the volume generated when the region bounded by y = sinx and y = 0 between x = 0 and x = π is revolved 
around the y-axis.  Recall that an element of volume is given by the shell dV = 2πrhdx. 

SOLN:  Using 
sin

cos
u x dv xdx

du dx v x
= =
= = −

 

׬ ܸ݀ ൌ නߨ2 ݔ sin ݔ గݔ݀
଴ ൌ െ2ݔߨcos ଴గ|ݔ ൅ නߨ2 cos ݔ గݔ݀

଴ ൌ ଶߨ2 ൅ 0 ൅ 0 െ 0 ൌ  ଶߨ2

2. Use integration by parts to find a reduction formula for 
1 2 3

0

n xx e dx∫ . 

SOLN:  Using 

2 3

2 1 312
3

n x

n x

u x dv e dx

du nx dx v e−

= =

= =
 

׬ ଵ଴ݔଶ௡݁ଷ௫݀ݔ ൌ 	ଵଷ ଶ௡݁ଷ௫ቚ଴ଵݔ െ ଶ௡ଷ ׬ ଵ଴ݔଶ௡ିଵ݁ଷ௫݀ݔ ൌ ௘యଷ 	െ ଶ௡ଷ ׬ ଵ଴ݔଶ௡ିଵ݁ଷ௫݀ݔ    

3. Evaluate the integral ( ) ( )/6

0
cos 3 cos 6x x dx

π

∫  by 

a. Using the identity 2cos 2 2cos 1θ θ= −   

SOLN:  

( ) ( )( ) ( ) ( )

( )( ) ( )

( ) ( )
( ) ( )

/6 /6 /62 3

0 0 0
/6 /62

0 0
/6 /6 2

0 0

1/6 3

0 0

cos 3 2cos 3 1 2cos 3 cos 3

2 cos 3 1 sin 3 cos 3

cos 3 2 cos 3 sin 3

(Let sin 3  so that 3cos 3 )

sin 3 2 1 2 1
3 9 3 9 9

x x dx x dx x dx

x x dx x dx

x dx x xdx

u x du x dx

x u

π π π

π π

π π

π

− = −

= − −

= −

= =

= − = − =

∫ ∫ ∫
∫ ∫
∫ ∫  

b. Using the identity cos A cos B = ½ [cos(A – B) + cos (A + B)] 
SOLN: 

( ) ( ) ( ) ( ) ( ) ( )/6 /6
/6 /6

0 0
0 0

sin 3 sin 91 1 1 1cos 3 cos 6 cos 3 cos 9
2 6 18 6 18 9

x x
x x dx x x dx

π π
π π

= − + = + = − =∫ ∫  

 
4. A particle moves along a straight line with velocity v(t) = cos(ωt)sin2(ωt).   

Find its position function s = f (t) if f (0) = 1. 

SOLN:  ݏ ൌ 1 ൅ ׬ cosሺ߱ݑሻ sinଶሺ߱ݑሻ݀ݑ	௧଴ .  Substituting v = sin(ωu) so that dv = ωcos(ωu)du, we have ݏ ൌ 1 ൅ න cosሺ߱ݑሻ sinଶሺ߱ݑሻ݀ݑ	௧
଴ ൌ 1 ൅ 1߱ න ୱ୧୬ሺఠ௧ሻݒଶ݀ݒ

଴ ൌ 1 ൅ ሺఠ௧ሻ	ଷ3߱ቤ଴ୱ୧୬ݒ ൌ 1 ൅ sinଷሺ߱ݐሻ3߱  

 



5. Find 2

1 dx
x a−∫  in terms of a if  

 
a. a < 0 

If a < 0 then substitute ݔଶ ൌ െܽtanଶ ݔ so that ߠ ൌ √െܽ tan ݔ݀ and  ߠ ൌ √െܽ secଶ ߠ ׬  and  ߠ݀ ଵ௫మି௔ ݔ݀ ൌ √െܽ׬ ୱୣୡమ ఏௗఏିୟ୲ୟ୬మ ఏି௔	 ൌ െ √ି௔௔ ׬ ߠ݀ ൌ െ√ି௔௔ ߠ ൅ ܿ ൌെ√ି௔௔ arctan ௫√ି௔ ൅ ܿ   

 
b. a > 0 

If a > 0 then we can factor the denominator to get 

׬  ଵ௫మି௔ ݔ݀ ൌ ׬ ଵ൫௫ି√௔൯൫௫ା√௔൯ ݔ݀ ൌ √௔ଶ௔ ׬ ଵ௫ି√௔ െ ଵ௫ା√௔ ൌ		ݔ݀ √ܽ2ܽ ൫ln൫ݔ െ √ܽ൯ െ ln൫ݔ ൅ √ܽ൯൯ 

Note that this can also be done with the substitution, ݔ ൌ √ܽ sec ݔ݀ so that ߠ ൌ √ܽ sec ߠ tan ߠ  and the ߠ݀

integral becomes ׬ ଵ௫మି௔ ݔ݀ ൌ ׬ √௔	ୱୣୡ஘ ୲ୟ୬ఏ௔ ୱୣୡమ ఏି௔ ߠ݀ ൌ ׬ √௔	ୱୣୡ஘ ୲ୟ୬ఏ௔	୲ୟ୬మ ఏ ߠ݀ ൌ׬ √௔	௔	ୱ୧୬ఏ ߠ݀ ൌ െ√௔௔ ln	ሺcsc ߠ ൅ cot ሻߠ ൅ ܿ ൌ ି√௔௔ ln ቀ ௫√௫మି௔ ൅ √௔√௫మି௔ቁ ൅ ܿ,  

which is another, equivalent, expression. 
 

6. Use trigonometric substitution to prove that 
׬  √1 െ ݐଶ݀ݐ ൌ ଵଶ arcsinሺݔሻ ൅ ௫ଶ √1 െ ଶݔ  then interpret both 
terms on the right side of the equation in terms of areas in the figure.  

SOLN: The area in the figure is ׬ √1 െ ௫଴ݐଶ݀ݐ  
Let ݐ ൌ sin ݐ݀      so that ߠ ൌ cos ߠ ׬  and we have  ߠ݀ √1 െ ௫଴ݐଶ݀ݐ ൌ ׬ √1 െ sinଶ ߠ cos ߠ ଴	ୟ୰ୡୱ୧୬௫ߠ݀ 	 ൌ׬ cosଶ ߠ ଴	ୟ୰ୡୱ୧୬௫ߠ݀ ൌ ׬ ଵାୡ୭ୱሺଶఏ	ሻଶ ଴	ୟ୰ୡୱ୧୬௫ߠ݀ ൌ	2ߠ ൅ sinሺߠሻ cosሺߠሻ2 ቤ଴ୟ୰ୡୱ୧୬௫ ൌ 12 arcsinሺݔሻ ൅ 2ඥ1ݔ െ ଶݔ
In the diagram, ߠ ൌ arcsin	ሺݔሻ, so the area of the unit circle sector 

with central angle ߠ is 
ఏ௥మଶ ൌ ଵଶ arcsinሺݔሻ and the area of the 

triangular region is ½ base*height = 
௫ଶ √1 െ  ଶݔ

 

7. Find the average value of ( ) 4 24f x x x= −  on the interval [0,2]. 

SOLN:  Average value is 
ଵ௕ି௔ ׬ ݂ሺݔሻ݀ݔ௕௔ ൌ ଵଶ ׬ ସ√4ݔ െ ଶ଴ݔଶ݀ݔ 	.  Let x = 2sin(θ) so that the integral 



is 
ଵଶ 16 ׬ sinସ ߠ √4 െ 4 sinଶ ߠ 2 cos ߠ గ/ଶ଴ߠ݀ ൌ ׬32 sinସ ߠ cosଶ ߠ గ/ଶ଴ߠ݀ ൌ32׬ ሺsin ߠ cos ሻଶߠ sinଶ ߠ ߠ݀ ൌ 32గ/ଶ଴ ׬ ቀୱ୧୬ଶఏଶ ቁଶ ሺଵିୡ୭ୱଶఏሻଶ గ/ଶ଴ߠ݀ ൌ4׬ sinଶ ߠ2 ሺ1 െ cos గ/ଶ଴ߠሻ݀ߠ2 ൌ ׬4 sinଶ ߠ2 గ/ଶ଴ߠ݀ െ ׬4 sinଶ ߠ2 cos ߠ2 ഏమ଴ߠ݀ ൌ4׬ ଵିୱ୧୬ସఏଶ ഏమ଴ߠ݀ െ ׬ ଴଴ݑଶ݀ݑ ൌ ߠ2 ൅ ଵଶ cos ቚ଴ഏమߠ4 ൌ  ߨ

 

8. Show the proper way of evaluating the improper integral ׬ ଵ௫మାଵ ஶଵݔ݀  

SOLN:  ׬ ଵ௫మାଵ ஶଵݔ݀ ൌ limୠ→ஶ ׬ ଵ௫మାଵ ݔ݀ ൌ௕ଵ 	limୠ→ஶarctan ଵୠ|ݔ ൌ	limୠ→ஶ arctan ܾ െ arctan 1 ൌ πଶ െ గସ ൌ గସ  
 

9. Determine whether the improper integral converges or diverges. Use comparison, if necessary.  

a. ׬ ଵ√௫మାଵ	 ஶଵݔ݀ ൌ limୠ→ஶ ׬ ଵ√௫మାଵ	 ௕ଵݔ݀   Substitute ݔ ൌ tan ߠ , ݔ݀ ൌ secଶ ߠ ׬ so that ߠ݀ ଵ√௫మାଵ	 ஶଵݔ݀ ൌ limୠ→ஶ ׬ ୱୣୡమ ఏ	ୱୣୡఏ	 ୟ୰ୡ୲ୟ୬௕గ/ସߠ݀ ൌ	 
                      ൌ limୠ→ஶ ln൫ܾ ൅ √ܾଶ ൅ 1൯ െ ln൫1 ൅ √2൯ ൌ ∞  so the integral is 

divergent…but that’s hard.  Why not observe that if x > 1 then  
ଵ√௫మାଵ	 ൐ ଵ√௫మା௫మ	 ൌ √ଶଶ௫	 ൐ 0 

so that ׬ ଵ√௫మାଵ	 ஶଵݔ݀ ൐ √22 ׬ ݔ1 1∞ݔ݀ ൌ ∞ ? 

 

b. ׬ ଵ√௫యାଵ	 ஶଵݔ݀   SOLN:  Note that 
ଵ√௫యାଵ	 ൏ ଵ√௫య	 ൌ ׬ యమ so thatିݔ ଵ√௫యାଵ	 ஶଵݔ݀ ൏ ׬ ஶଵݔయమ݀ିݔ  

ൌ limb→∞ ׬ ݔെ32݀ݔ ൌ1ܾ limb→∞െ2ݔെ12ฬ1ܾ ൌ limb→∞2െ 2ඥܾ ൌ 2, so the integral is convergent. 


