
Math 1B –Calculus – Chapter 11 Problems – Fall ’11  Name_________________________________ 
Show work for credit.  Write all responses on separate paper.  No calculators. 

1. Consider the infinite series ܵ ൌ෍ ଵ௡మஶ௡ୀଵ  

a. Explain how you know this is a convergent series. 

b. Use integrals to show why the error in approximating ܵ ൎ ܵଽ ൌ෍ ଵ௡మଽ௡ୀଵ   is between ଵଵ଴ and  ଵଽ . 

c. Find a value of n  that will ensure that the error in the approximation ܵ ൎ ܵ௡ is less than ଵହ଴଴. 

 
2. Determine whether the series is convergent or divergent.  Justify your answer. 

a. ෍ ௡మଵା௡య	ஶ	௡ୀଵ  

b. ෍ 9cos ଵ௡	ஶ	௡ୀଵ  

c. ෍ ሺെ1ሻ௡ ௡య௡రା௡య	ஶ	௡ୀଵ  

 
3. Find a power series representation for the function.  Find  the radius and interval of convergence for each. 

a. ݂ሺݔሻ ൌ ଵଵି௫మ 

b. ݃ሺݔሻ ൌ ௫ହ௫మାଵ 

 
4. Use differentiation or integration to find a power series for the function. 

a. ݂ሺݔሻ ൌ ଵሺଷା௫ሻమ 

b. ܮሺݔሻ ൌ lnሺ1 ൅  ଶሻݔ
 

5. Consider ݂ሺݔሻ ൌ 
ଵ଴√ଵା௫ర    

a. Expand ݂ሺݔሻ as a power series. 

b. Use the first three non-zero terms of the series to approximate ݂ ቀଵହቁ and use the first neglected 
term to approximate the error in approximation. 
 

6. Approximate ݂ሺݔሻ ൌ ݁ଷ௫మ by a Taylor polynomial of degree 4, expanded about x = 0. 
 

7. Find the first 3 non-zero terms of  ݂ሺݔሻ ൌ ݁௫ cos  expanded about x = 0.  Hint: Multiply the ,ݔ
Maclaurin series and combine like terms. 

 

 

 



 
 
Math 1B –Calculus – Chapter 11 Problems Solutions 

1. Consider the infinite series ܵ ൌ෍ ଵ௡మஶ௡ୀଵ  

a. Explain how you know this is a convergent series. 
SOLN:  It’s a p-series with p > 1, therefore it’s convergent. 
Also, the terms are all positive and decreasing so the integral test yields, 

׬  ଵ௫మ ஶଵݔ݀ ൌ lim௞→ஶ െ ଵ௫ቚଵ௞ ൌ 0 െ ሺെ1ሻ ൌ 1.  Since the integral converges, the series converges. 

b. Use integrals to show why the error in approximating ܵ ൎ ܵଽ ൌ෍ ଵ௡మଽ௡ୀଵ   is between ଵଵ଴ and  ଵଽ . 

SOLN:  ׬ ଵ௫మ ஶଵ଴ݔ݀ ൌ lim݇→∞ െ ቚ10݇ݔ1 ൌ 110 ൏ ܵ െ ܵଽ ൏ ׬ ଵ௫మ ஶଽݔ݀ ൌ lim݇→∞ െ ቚ9݇ݔ1 ൌ 19. 
c. Find a value of n  that will ensure that the error in the approximation ܵ ൎ ܵ௡ is less than ଵହ଴଴. 

SOLN:  ܵ െ ܵே ൏ ׬ ଵ௫మ ஶேݔ݀ ൌ lim݇→∞ െ ቚܰ݇ݔ1 ൌ 1ܰ ൑ 1500 if N ൒ 500 

2. Determine whether the series is convergent or divergent.  Justify your answer. 

a. ෍ ௡మଵା௡య	ஶ	௡ୀଵ  

SOLN:  ௡మଵା௡య ൒ ௡మ௡యା௡య ൌ ଵଶ௡, thus ෍ ௡మଵା௡య	ஶ	௡ୀଵ ൐ ଵଶ෍ ଵ௡	ஶ	௡ୀଵ    diverges (harmonic series diverges, or p-

series with p = 1.)  Therefore the series diverges by comparison. 

b. ෍ 9cos ଵ௡	ஶ	௡ୀଵ  

SOLN:  Here lim୬→ஶ 9 cos ଵ௡ ൌ 9 ് 0, so the series diverges by the nth term test. 

c. ෍ ሺെ1ሻ௡ ௡య௡రା௡య	ஶ	௡ୀଵ .  Note this is more simply expressed as ෍ ሺെ1ሻ௡ ଵ௡ାଵ	ஶ	௡ୀଵ  

SOLN:  This is an alternating series with decreasing terms and lim୬→ஶ ଵ௡ାଵ ൌ 0, therefore it is convergent.  

Furthermore lnሺ1 ൅ ሻݔ ൌ ׬ ௗ௫ଵା௫ ൌ ׬ ଵଵିሺି௫ሻ ݔ݀ ൌ ∑׬ ሺെݔሻ௡ஶ௡ୀ଴ ݔ݀ ൌ ∑ ሺെ1ሻ௡׬ ஶ௡ୀ଴ݔ௡݀ݔ ൌ ∑ ሺିଵሻ೙௫೙శభ௡ାଵஶ௡ୀ଴ 	 
So ln 2 ൌ 1 ൅෍ ሺെ1ሻ௡ ଵ௡ାଵ	ஶ	௡ୀଵ ⇒෍ ሺെ1ሻ௡ ଵ௡ାଵ	ஶ	௡ୀଵ ൌ ሺln 2ሻ െ 1 ൎ െ0.30685281944 

The Mathematica Command ListPlotൣTableൣ൛݊, Sumൣሺെ1ሻ௜ ∗ ሺ݅ ൅ 1ሻିଵ, ሼ݅, 1, ݊ሽ൧ൟ, ሼ݊, 1,40ሽ൧, Frame →True, Axes → False൧ Produces a plot of the first 40 partial sums…you can see them as a damped oscillating 
producing two subsequences, each bounded and monotonic and converging towards ln 2 െ 1: 
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3. Find a power series representation for the function.  Find  the radius and interval of convergence for each. 

a. ݂ሺݔሻ ൌ ଵଵି௫మ 
SOLN:  

ଵଵି௫మ ൌ ∑ ሺݔଶሻ௡ஶ௡ୀ଴ ൌ ∑ ଶ௡ஶ௡ୀ଴ݔ  The radius of convergence is 1 and the interval of 

convergence is ሺെ1,1ሻ. 
b. ݃ሺݔሻ ൌ ௫ହ௫మାଵ 

SOLN:  ௫ହ௫మାଵ ൌ ݔ ⋅ ଵଵିሺିହ௫మሻ ൌ ݔ ⋅ ∑ ሺെ5ݔଶሻ௡ஶ௡ୀ଴ ൌ ∑ ሺെ1ሻ௡5௡ݔଶ௡ାଵஶ௡ୀ଴  

The ratio test has lim୬→ஶ ቚ௔೙శభ௔೙ ቚ ൌ lim୬→ஶ ቚହ೙శభ௫మ೙శయହ೙௫మ೙శభ	 ቚ ൌ ଶݔ5 ൏ 1 ⇔ െ√ହହ ൏ ݔ ൏ √ହହ  So the radius of  ݔ	

convergence is √ହହ .  If 	ݔ ൌ േ√ହହ  then ∑ ሺെ1ሻ௡5௡ݔଶ௡ାଵஶ௡ୀ଴ ൌ √ହହ ∑ ሺെ1ሻ௡5௡ ቀേ √ହହ ቁଶ௡ஶ௡ୀ଴  ൌ √ହହ ∑ ሺെ1ሻ௡5௡ ቀଵହቁ௡ஶ௡ୀ଴ ൌ √ହହ ∑ ሺെ1ሻ௡ஶ௡ୀ଴  is divergent.  Thus the interval of 

convergence is ቀെ √ହହ , √ହହ ቁ 

4. Use differentiation or integration to find a power series for the function. 

a. ݂ሺݔሻ ൌ ଵሺଷା௫ሻమ 
SOLN:  ଵሺଷା௫ሻమ ൌ െ ଵଷ ௗௗ௫ ቆ ଵଵିቀିయೣቁቇ ൌ െ ଵଷ ௗௗ௫෍ ቀെ௫ଷቁ௡ஶ	௡ୀ଴ ൌ෍ ቀെଵଷቁ௡ାଵ ௗௗ௫ ௡ୀ଴	௡ஶݔ 	 

ൌ෎൬െ13൰௡ାଵ 	௡ିଵஶݔ݊
௡ୀ଴ ൌ෎൬െ13൰௡ାଶ ሺ݊ ൅ 1ሻݔ௡ஶ	

௡ୀ଴  

To be sure, the Mathematica command, Seriesሾ1 ሺ3 ൅ ⁄ሻ^2ݔ , ሼݔ, 0,6ሽሿ, produces the first 6 terms 

of the series: ଵଽ െ ଶ௫ଶ଻ ൅ ௫మଶ଻ െ ସ௫యଶସଷ ൅ ହ௫ర଻ଶଽ െ ଶ௫ఱ଻ଶଽ ൅ ଻௫ల଺ହ଺ଵ ൅ ܱ	ሺݔ଻ሻ. 
Furthermore, the sequence of approximating polynomials can be graphed in the interval of 
convergence ሺെ3,3ሿ using p1 ൌ PlotሾEvaluateሾTableሾNormalሾSeriesሾ1 ሺ3 ൅ ⁄ሻ^2ݔ , ሼݔ, 0, ݊ሽሿሿ, ሼ݊, 6ሽሿሿ, ሼݔ, െ3,3ሽሿ 
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b. ܮሺݔሻ ൌ lnሺ1 ൅  ଶሻݔ
SOLN:  lnሺ1 ൅ ଶሻݔ ൌ ׬ ଶ௫ଵା௫మ ݔ݀ ൌ ׬2 ݔ ⋅ ଵଵିሺି௫మሻ ݔ݀ ൌ	2නݔ ⋅ ෍ሺെ1ሻ௡ݔଶ௡ஶ

௡ୀ଴  		ݔ݀
ൌ ෍ሺെ1ሻ௡2ஶ

௡ୀ଴ නݔଶ௡ାଵ݀ݔ ൌ ෍ሺെ1ሻ௡ஶ
௡ୀ଴

ଶ௡ାଶ݊ݔ ൅ 1	 
 

5. Consider ݂ሺݔሻ ൌ 
ଵ଴√ଵା௫ర    

a. Expand ݂ሺݔሻ as a power series. 

SOLN:  10ሺ1 ൅ ሻషభరݔ ൌ 10∑ ቀെ1/4݊ ቁ ௡ஶ௡ୀ଴ݔ .  As to ቀെ1/4݊ ቁ ൌ ቀషభర ቁቀషఱర ቁቀషవర ቁ⋯ቀషభర ି௡ାଵቁ	௡!  

b. Use the first three non-zero terms of the series to approximate ݂ ቀଵହቁ and use the first neglected 

term to approximate the error in approximation. 

SOLN: 
ଵ଴√ଵା௫ర ൎ 10 ቀ1 െ ଵସ ݔ ൅ ହଷଶ ଶቁ so that    ଵ଴ඥଵାଵ/ହరݔ ൎ 10 െ ଵଶ ൅ ଵଵ଺ ൌ ଵହଷଵ଺  

The error in approximation is less than 10 ቀ ସହଵଶ଼ቁ ቀ ଵହయቁ ൌ ଽଷଶ଴  
As an afterthought, we can use the Mathematica command, Seriesൣ10 ሺ1 ൅ ሻଵݔ ସ⁄⁄ , ሼݔ, 0,6ሽ൧ ൌ10 െ ହ௫ଶ ൅ ଶହ௫మଵ଺ െ ଻ହ௫య଺ସ ൅ ଽ଻ହ௫రଵ଴ଶସ െ ଷଷଵହ௫ఱସ଴ଽ଺ ൅ ଶଷଶ଴ହ௫లଷଶ଻଺଼ ൅ ܱ	ሺݔ଻ሻ  for the first 7 terms, and plot these: PlotሾEvaluateሾTableሾNormalሾSeriesሾ10 ∗ ሺ1 ൅ ሻ^ሺെ1ݔ 4⁄ ሻ, ሼݔ, 0, ݊ሽሿሿ, ሼ݊, 10ሽሿሿ, ሼݔ, െ1,1.5ሽሿ 

 
6. Approximate ݂ሺݔሻ ൌ ݁ଷ௫మ by a Taylor polynomial of degree 4, expanded about x = 0. 

SOLN:  ݁ଷ௫మ ൌ ∑ ൫ଷ௫మ൯೙௡!ஶ௡ୀ଴ ൎ 1 ൅ ଶݔ3 ൅ ଽ௫రଶ  
 

7. Find the first 3 non-zero terms of  ݂ሺݔሻ ൌ ݁௫ cos  expanded about x = 0.  Hint: Multiply the ,ݔ
Maclaurin series and combine like terms. 
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SOLN:  ݁௫ cos ݔ ൌ ቀ1 ൅ ݔ ൅ ௫మଶ ൅ ௫యଷ! ൅ ௫రସ! ൅ ⋯ቁ ቀ1 െ ௫మଶ ൅ ௫రସ! െ ⋯ቁ ൎ 1 ൅ െݔ ଵଷ  ଷݔ

Using the Mathematica commands, P1 ൌ Plot ቂEvaluate ቂTableൣNormalൣSeriesሾExpሾݔሿ ∗ Cosሾݔሿ, ሼݔ, 0, ݊ሽሿ൧, ሼ݊, 6ሽ൧ቃ , ሼݔ, െPi, Piሽቃ P2 ൌ PlotሾExpሾݔሿ ∗ Cosሾݔሿ, ሼݔ, െPi, Piሽ, PlotStyle → ሼThicknessሾ0.01ሿሽሿ 
and then the command, ShowሾP1, P2ሿ, we get up to the best 6th degree polynomial approximation.  Note that only 
4 of these are different since the coefficient of ݔଶ and the coefficient of ݔ଺ are both 0: SeriesሾExpሾݔሿ ∗ Cosሾݔሿ, ሼݔ, 0,6ሽሿ ൌ 1 ൅ ݔ െ ଷ3ݔ െ ସ6ݔ െ ହ30ݔ ൅ ܱ	ሺݔ଻ሻ 
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