Math 1B Spring 2017 Chapter 7 Test Solutions

1. Evaluate the integral. Make all the substitutions and infinitesimals explicit.

™

(a) /:E sin 3z dx.

0

u=2x dv=sindzdx . " — . - 1 7
ANS: 1 gives /wsin?):): dr = ——cosdz| + = /cos 3rdr = -+ —sindzx :
du=dr v=—=cos3z 3 o 3 39 0o |3
3 0 0
e
(b) /t2 Intdt Hint: Let u=Int
1
uw=Int dv=1t>dt ° 3 y 3 3
t>Inte 1 e 1.5 [2e°+1
ANS: i t*Intdt = —/tht:—tS =
du @ Ll glves/ . 3 11 3 39 It 9
4 3 1 1
. . n 1 n—1 . n—1 n—>92 .- .
2. Derive the reduction formula [ cos"(x)dx = —cos" " zsinxz + cos" “ x dx. Start be rewriting the inte-
n n

gral as / cos"_l(x) cos x dx, and then doing integration by parts with

w=cos" 'z dv = cosz dx

du=—(n—-1) cos" 2xsinzrdr v=sinx

Show the rest of the derivation, being careful not to skip any steps.

ANS: I,, = [ cos" }(x)coszdx = cos" ' wsinz + (n — 1) /cos”_2 zsin’ z dx =

cos" tasing + (n—1) [cos" 2 z(1 — cos?z)dz = cos" tasinz + (n — 1)I,,—2 — (n — 1)1,

. 1 . n—1
& nl, =cos" tasinz + (n — 1)1, o & I, = —cos" ' wsinw + ——1I, o
n n

3. Find the volume obtained by rotating the region bounded by y = cos® x, —g <z< g and y = 0 @ z-axis.
pi/2 w/2 w/2 w/2
/2 3 3 /2 3
ANS: 'V = / Wyzdx:QW/cos4xdx:gcos?’xsinxo —|——7T cos%cdxzzﬂcosmsin:co +Z7r dx =
—7/2 0 0 0

4. Evaluate each integral:

(a) /imd:c
0

w/6

1
1
1
ANS: Let 42% = sin? f <= 2z = sinf = 2dz = cos #df, then / V1—4z2dr = / V1 — sin? 95 cos 0df
0 0
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/ 9 1 . /6
COS IEdaT = —COSITSIMx
4 0
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(b) /W—dm—/ 7+Lcdx where
r(x? 4+ x4+ 1) L 22441

1
A*+ 2+ 1)+ (Brx+Clz=(A+B)2>+ (A+C)z+ A=62>+5r+4=A=4,B=2C=1
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SO:/ —+Ldm:4lnm+ln(m2+x+l) =4In24+In7—-In3=In| —
1 r2+x+1 1 3

=
D=

i (v — l)2 B (z — ;)2
© / (3+4x —24:):2)3/2 do = / (—4(z — %)3 +4)3/2 dz.

N
N
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As a baby step, let u =z — 5, so the integral becomes f Wd
—u

We’d like to eliminate the root by employing the 1—sin? # = cos? 6 identity. Let u = sin 6, du = cos #df. Then
0 0 0

0
the integral becomes / 8smsg 7

_7-(-/2 —7r/2 —7'('/2
which does not exist.

cos 0df = 3 / tan? 0df = % / (sec? —1)df = b_}n;l/2 Elg(tanﬁ 0)

5. Evaluate the improper integral.

arcsin(2b)

3
dzx 1 T
a —_— = lim df =| = | where x = 1 sin 0,dxr = L cosado
) 0/\/1 — 12 b /\/1 —d2? 172 / 2 2

0
% —1/22 -1
(b) /e dr. Let u=—

x3 2
1
0

1

2
so du = —dx. Note that, as x — oo, u — 07", so the integral becomes % / e'du = 56“
T

-1

0 e—1
-1 2e

6. Use comparison to determine whether or not the integral is convergent.

1 .02
cos” x
(a)

0o Vz
We start with the intuition that this behaves like z='/2 on [0, 1], which is convergent. So we observe that
1
2

0 < cos?z < 1 and thus /1 O e < /1 Lalx = lim d—x \f‘ , which shows that the
- 0 \/E - 0 \/.% N b—0t \/5 b~>0+ 2
b

dzx

integral is convergent.

1tan2x
b e
<>/0 L

tanx tan? x z tan? tan 2
We know that lim =1, s0 lim ——- = lim vt = lim /z | lim =0.
z—0 T z—0 x3/2 z—0 {1}2 r—0 z—0 T

1

tan2 1 tan2

Thus 0 < an < 3on [0,1] and we conclude that / el < / 3 dx = 3 and the integral is convergent.
0

J}3/2 0 ./L'\/E



