Math 1B —Test 5 — Spring *10 Name
Directions: Show work for credit. Write all responses on separate paper.

1. Find the radius of convergence and interval of convergence for each series:

i X" 0 i n(x—3)2n N i (Zn)!)c2”+1

= (2n+1)! = =2-6-10---(4n-2)

2. Find a power series representation for the function and determine the interval of convergence.
Write out the first 3 non-zero terms in each series.

a. f(x)= 5 b. /(x)=In(x*+9) C. f(X)=arctan(%]

1+x°

3. Consider f(x)= M

a. Howcan f(0) be defined so that the function is continuous where x = 0?
b. Using this definition for f(0), develop, step by step, the Maclaurin series for

o0

=3y 2

pry 2n+1
. o T : . YYarctan (2
c. Find a Maclaurin series for J'f(t)dt and use this to approximate J' ﬁdx to the nearest
X
0 0
thousandth.
sin(x/
4. Let fn(x)=M

a. Show that the series > f, (x) diverges for x = nz/2, n an integer.
b. Show that > 1/ (x) converges for all x.
c. For what values of x does the series an "(x) converge?

1) n!
5. Find the Taylor series for fcentered atx = 4 if /") (4)= % .
n+

What is the radius of convergence of this Taylor series?

X

e t+e

—X

6. Find the Maclaurin series for cosh(x)= . What is the radius of convergence?

7. Find the Taylor series for f(x)= L centered around a = 2.
X

This means you’ll need to find a formula for the Taylor coefficient.

8. Find a binomial series for f(x)=(1+ x)l/3 and use this to approximate /1729 =3/1+12° .
You need only work out the first two non-zero terms.



Math 1B -Test 5 Solutions — Spring 10

1. Find the radius of convergence and interval of convergence for each series:

© 2n 2n+2 2
Zx— SOLN: By the ratio test, Iim| al 2n+1 |: m| al |:0 for any fixed x,
“ (2n+1)! n»w\(2n+3)_ " M‘ (2n+3)(2n+2)|
so the radius is infinite and the interval is all real numbers.
oo n(x_3)2n -
_ LN: By th tio test
; 1 ° y the ratio test,

2n+2
I (e SR |:Iim( 3|
"—"’" (n +1)2 +1  n(x-3)
of convergence is 1 and the endpts of the interval are 2 and 4. These need to be checked.

2|n+1|| n’ |_
n ”n +2n+2|_

(x— 3) <le |x—3<1 so the radius

So atx =2 or x = 4 we have (x—3) =1 which means the series are z T , which is divergent by
~in? 4

comparison with the harmonic series. So the interval of convergence is (2,4).

i (zn)!x2n+1

= 2-6-10---(4n-2)
1 2n+3 R.

. | (2n+2)x 2-6-10-- 24nl 2) |_II |(2n+2)(2n+D)| o e

M‘g 610--(4n—2)(4n+2)  (2n)™ | we | dn+2 |

radius of convergence is 0 and there is no interval of convergence, only the point x = 0.

SOLN: By the ratio test,

2. Find a power series representation for the function and determine the interval of convergence.
Write out the first 3 non-zero terms in each series.

a.

5

1 S 3\* S '7 3n
f(x)=— :51—(—x3):5,,z_;(_x) =5n§( =5-5x° +5x° +-

1+x

The interval of convergence is (-1,1).

£(x)=In(x*+9) = szigdx jzgxl( jdx sz;(_%]

9

) ” 211+2

:Zi(;’ij i = 29n+1 = % Z_L * Lxﬁ_,_

= (n+1) 162 2187

For the graphs to agree at zero we need to choose ¢ =1In(9).
9" (n+1)| iml ¥
9"+2 ( N 2) 22 ‘ no| Q

alternating harmonic series, which is convergent. So the interval of convergence is [-3,3].

2
The ratio test shows that I|m|

n—>x0

<le |x| <3. At 3, the series is the




To be sure, here are some screen shots of the T1-92 illustrating these functlons and their graphs.
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The ratio test shows that I|m| - ;C 2 (22’Z+1)|= lim |2— <1<:>|x|<2. At £2, the series is an
n—)ao‘z n+ (2 +3) X n+ n—>00 4

alternating series that satisfies the alternating series test, so the interval of convergence is [-2,2].
Again the TI 92 can be used to corroborate this result:
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3. Consider f(x)= M

a. Howcan f(0) be defined so that the function is continuous where x = 0?

2
SOLN: ”rr(}arctan(Zx) lim O“fx =2, s0 define f(0)=2 to remove the discontinuity.
x> X x>
0 2n
b. Using this definition for f(0), develop the Maclaurin series for f(x)=>(-1)" 22’”1h
n=0 n
f(x) J.—arctan (2x)dx == J. dx —Iz 4x "dx
SOLN: -
o) 22n+l 2n © n 8 32
== 2ndx = ” =2 22 A
Z ) [ 2V =2 2n+l 37 5T
. o r . , Y% arctan (2x)
c. Find a Maclaurin series for If(t)dt and use this to approximate J-—dx to the nearest
0 0 X
thousandth.
¥ 2n © 2ntl X - 2n+1
j n2(2) " dt = Z(—l)nz—.[tz”dt=2(—l)"(2x—)2:2x—§x3+gx5—5—12x7+
) & n+l & 2n+17 — (2n+1) 9" 25" 81



1/10

. . arctan( 2
The radius of convergence here is %2, so '[ &

dx can be evaluated as

0 X
2n+l
> (1)’ (02)" 5 (0.2)-8(.008)+320.00032- -~ 0.4-0.007T+ 0.00041~ 0.33
n=0 (21’1 +1) 9 25
sin(x/n)

4. Let f(x)=

a. Show that the series Zf diverges for x = nz/2, n an integer.
12)
SOLN: £ (n”j M s0 Y f.(x)=>_1/n is the (divergent) harmonic series.
n

b. Show that Zf ) converges for all x.

cos(x/n)

2
n

1 . . .
< — and so the series converges absolutely (p-series with p = 2).

SOLN: |f,"(x)|=

c. For what values of x does the series Z f converge?

f,,"(x)‘: sm(n);/n)

1
<— converges for all x.

-1)" n!
5. Find the Taylor series for fcentered at x = 4 if £ ( )= M

2" (2n +1)
What is the radius of convergence of this Taylor series?
f(”) (4) (_l)n > n
SOLN: ¢ = = 4)" = 4
“TTa T2 (mrn) ZC (x= Z;z 2n+1) (x=4)

(-4 z"<2n+1>|
22" (2n+3) (x-4)"

By the ratio test, I|m

ikl PP |x—4| < 2 so the radius of convergence is 2.

n—)oo

X

e +e

—X

6. Find the Maclaurin series for cosh(x) =

. What is the radius of convergence?

SOLN cosh (x) =

The series converges for aII X.
7. Find the Taylor series for f(x)= 1 centered around a = -2.
X

This means you’ll need to find a formula for the Taylor coefficient.

' 1 " 2 m 3-2 n n nl
SOLN: f (x):—?,f (x):;,f (x):—?,...ﬁf( )(x)z(—l) x"+l
() (_ —1Y" o
so that ¢, :f ( 2): ( 1)+1 =— 11 and the Taylor series is 1= z x+§)
n! (—2)n 2" X - 2
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Find a binomial series for £ (x)=(1+ x)l/3 and use this to approximate /1729 =3/1+12° .
You need only work out the first two non-zero terms.

x> (1/3
) P

So #1729 =¥1+12° =123/1+1i z12(1+ 1 j:12+i=12.0023m

728 3-1728 432
Note: This compares closely with /1729 ~12.0023143684



