
Exercises from Stewart, 3.2: 

𝑓(𝑥) =
1 + 𝑥

1 + 𝑒𝑥
 

𝑓′(𝑥) =
(1 + 𝑒𝑥)1 − (1 + 𝑥)𝑒𝑥

(1 + 𝑒𝑥)2
=

𝑒𝑥(1 − 𝑥)

(1 + 𝑒𝑥)2
 

𝑓′(0) =
1

4
 so the equation of the tangent line at (0,

1

2
) is 

𝑦 −
1

2
=

1

4
(𝑥 − 0) ⇔ 𝑦 =

1

4
𝑥 +

1

2
 

 

The “witch of Agnesi”: 

𝑦 =
1

1 + 𝑥2
⇒ 𝑦′ =

𝑑𝑦

𝑑𝑥
= −

2𝑥

(1 + 𝑥2)2
 

The slope of the tangent line at 𝑥 = −1 is = −
−2

(1+1)2 =
1

2
 so the equation of the tangent 

Line is 𝑦 −
1

2
=

1

2
(𝑥 + 1) ⇔ 𝑦 =

1

2
𝑥 + 1  

 

3.2 #42) If 𝑔(𝑥) =
𝑥

𝑒𝑥 find a formula for the nth derivative, 𝑔(𝑛)(𝑥). 

Plan: Keep taking derivatives and look for a pattern. 

𝑔′(𝑥) =
𝑒𝑥 − 𝑥𝑒𝑥

𝑒2𝑥
=

1 − 𝑥

𝑒𝑥
=

1

𝑒𝑥
− 𝑔(𝑥) 

𝑔′′(𝑥) =
𝑒𝑥(1 − 𝑥)′ − (1 − 𝑥)(𝑒𝑥)′

𝑒2𝑥
  

=
−𝑒𝑥 − (1 − 𝑥)𝑒𝑥

𝑒2𝑥
=

−2 + 𝑥

𝑒𝑥
= −

1

𝑒𝑥
− 𝑔′(𝑥) 

−
1

𝑒𝑥
− (

1

𝑒𝑥
− 𝑔(𝑥)) = −

2

𝑒𝑥
+ 𝑔(𝑥) 

𝑔′′′(𝑥) =
𝑑

𝑑𝑥
(

−2 + 𝑥

𝑒𝑥
) =

𝑑

𝑑𝑥
(−

2

𝑒𝑥
+ 𝑔(𝑥)) 



=
𝑒𝑥(−2 + 𝑥)′ − (−2 + 𝑥)(𝑒𝑥)′

𝑒2𝑥
=

𝑒𝑥 + 2𝑒𝑥 − 𝑥𝑒𝑥

𝑒2𝑥
=

3𝑒𝑥 − 𝑥𝑒𝑥

𝑒2𝑥
 

=
3 − 𝑥

𝑒𝑥
=

3

𝑒𝑥
− 𝑔(𝑥) 

 

 

𝑔′(𝑥) =
1

𝑒𝑥
− 𝑔(𝑥) 

𝑔′′(𝑥) = −
2

𝑒𝑥
+ 𝑔(𝑥) 

𝑔′′′(𝑥) =
3

𝑒𝑥
− 𝑔(𝑥) 

Conjecture: 𝑔𝑛(𝑥) = (−1)𝑛 (𝑔(𝑥) −
𝑛

𝑒𝑥) 

 

Inductive hypothesis: 𝑔(𝑘)(𝑥) = (−1)𝑘 (𝑔(𝑥) −
𝑘

𝑒𝑥) 

then 𝑔(𝑘+1)(𝑥) =
𝑑

𝑑𝑥
𝑔(𝑘)(𝑥) = (−1)𝑘 (𝑔′(𝑥) +

𝑘

𝑒𝑥) 

= (−1)𝑘 (
1

𝑒𝑥
− 𝑔(𝑥) +

𝑘

𝑒𝑥
) = (−1)𝑘 ((−1) (𝑔(𝑥) −

𝑘 + 1

𝑒𝑥
)) 

= (−1)𝑘+1 (𝑔(𝑥) −
𝑘+1

𝑒𝑥 )   

So we have established 𝑆1 and shown that 𝑆𝑘 ⇒ 𝑆𝑘+1   

 


