Math 15 — Discrete Structures— 1.3 Homework Solutions

1.3#12: The domain for this problem is some unspecified collection of numbers. Consider the predicate
P(x,y) = "x isgreater thany”

(a) Trandate the following statement into predicate logic: “Every number has a number that is greater than it.”
ANS: (Vx)(3y)(y > x)

(b) Negate your expression from part (a), and simplify it so that no quantifier lies within the scope of a negation.
ANS: =((vx)@y)(y > x)) & @) (Vy)(y < x)

1.3#14: The domain of the following predicatesis all integers greater than 1.
P(x) = “xisprime.”
Q(xy) =“x dividesy.”
Consider the following statement:
For every x that is not prime, there is some primey that dividesit.

(a) Write the statement in predicate logic.

ANS (Vx)=P () ((3y)Q (¥, x)

(b) Formally negate the statement.

ANS: =(vVx=P(x)((@y)Q(y, x)) & @)P)-((3)Q1, %)) & @x)P(X)(v¥)=Q(y, x)
(c) That is, there exists a prime that does not divide any number. Wrong, right?

1.3#21: Let the following predicates be given. The domain is all computer science classes.

I(X) = “xisinteresting.”
U(x) = “xisuseful.”
H(xy) = “xisharder than y.”
M(x,y) = “x has more students than y.”

(@) Write the following statementsin predicate logic.
i. All interesting CS classes are useful
ANS: (Vx)(l(x) - U(x))
ii. There are some useful CS classes that are not interesting.
ANS: @)U A  —I(x))
iii. Every interesting CS class has more students than any non-interesting CS class.
ANS (Vx)(Vy) (I (x) A=1(y)) - M(x,y)
(b) Writethe following predicate logic statement in everyday English. Don't just give a word-for-word
translation; your sentence should make sense. (3x)[1(x)A(Vy)(H (x,y) = M(y,x))]
ANS:. ThereisaCS classthat isinteresting and has fewer students than all easier classes.
(c) Formally negate the statement from (b). Simplify your negation so that no quantifier lies withing the scope
of anegation. State which derivation rulesyou are using.

Statement reason
L =[E0[IAVY)(H(x,y) » M(y,x))]] given
2. (VX)=[IG)AY)(H(x,y) > M(y,x))] Existential negation
3. (v)[=1(x) V a[(vy)(H(x,y) = M(y,x))]] De Morgan
4, (Vx)[ﬂl(x) V[(Ely)—l(H(x, y) = M(y, x))]] Universal negation
5 (vx) [—J(x) V[(Ely)—|(—|H(x, YI)VM(y, x))]] implication
6. (Vx)[-1(x) VIEY)(H(x, y) A =My, x))]] De Morgan



(d) Giveatrandation of the statement in everyday English.
ANS: Every CSclassis either not interesting or thereis an easier CS class that has fewer students.

1.3#22: L et the following predicates be given. The domainisall cars.

F(X) =“xisfast.”
S(x) =“xisasportscar.”
E(x) =“xisexpensive.”
A(x,y) = “x is safer thany.”

(@) Write the following statementsin predicate logic.
i. All sportscarsarefast. ANS: (Vx)(S(x) — F(x))
ii. There are fast carsthat aren’t sportscars. ANS: (3x)(F(x) A =S(x))
iii. Every fast sports car is expensive. ANS: (Vx)(F(x)AS(x)) - E(x)

(b) Writethe following predicate logic statement in everyday English. Don’t just give a word-for —word
tranglation; your sentence should make sense. (Vx)[S(x) —» (3y) (E WNA(y, x))]
ANS: All sports cars are more dangerous than some other car.

(c) Formally negate the statement from part (b). Simplify your negation so that no quantifier lies within the
scope of anegation. State which derivation rules you are using.

Statement reason
L =[(V0)[S() = @V (EMAAWY, 0)]] given
2. (Elx)—|[5(x) - 3y) (E WNA(y, x))] Universal negation
3. (@30)[-S)V@EY)(E(W)AA(Y, x))] implication
4. (A)[SC) A-EY(EGNA(Y, x))] De Morgan and double negative
5. 30)[S(x) AWY)~(E()AA(Y, x))] Existential negation
6. (30)[SC) AWV (=E) V =A(y, x))] De Morgan
7. @A) [S) A(YY)(E(y) » AW, x))] implication

(d) Thereisasportscar that is at least as safe as every expensive car.

1.3#23: Domain = {0,1} with the predicate P(x) defined by P(0) = p and P(1) = q.

(&) Write (Vx)P(x) asapropositional logic formulausing p and g.

ANS: pAgq, that is, P is alwaystrue.

(b) Write (3x)(P(x)) asapropositional logic statement

ANS: pVq, that is, P is sometimes true.

(c) In this situation, which derivation rule from propositional logic corresponds to the universal and
existential negation rule of predicat logic?

ANS: DeMorgan.

1.3#24: (a) Give an example of apair of predicates P(x) and Q(X) in some domain to show that the 3
quantifier does not distribute over the A connective. That is, give an example to show that

@E0(PIAQ()) # (Fx) (P()AQ (X))

ANS: Inthe domain of real numbers, let P(x) denote “x is non-negative’ and let Q(x) denote “x is
negative.” The statement that (3x) (P (x)AQ(x)) is false: no number can be both positive and negative.
However the statement that (3x) (P (x))/\(EI x)(Q(x)) istrue: there are some numbers that are positive and
there are some that are negative.



(b) And also show that (EIx)(P(x)VQ(x)) = (EIx)(P(x))V(EIx)(Q(x))

ANS: Saying that thereis anumber that is positive or negative is the same as saying that there is a positive
number or there is a negative number.

1.3#25: (a) Give an example to show that v does not distribute over V.

ANS: Inthe domain of real numberslet Q(x) = “xisarational number” and let 1(x) = “xisan irrational
number.” Then (Vx)(Q(x)VI(x)) istrue but (Vx)Q(x)V(Vx)I(x) isnot truesinceit is neither true that
every real isrational, nor isit true that every rea isirrational.

(b) Itisafact that v distributes over A. Check that your example from part (a) satisfies this equivalence
rule.

ANS: (Vx)(Q(x)AI(x)) isnever trueand (Vx)Q(x)A (Vx)I(x) isnot true since not all reals are rational
and neither are all reasirrational, so 0 and 0 = 0.



