
Math 15 – Discrete Structures – §4.6 – Homework 17 Solutions 

4.6#16: Prove by contradiction: 2௡ ∉ Ωሺ݊!ሻ. 
SOLN:  Suppose that 2௡ ∈ Ωሺ݊!ሻ.  Then, by definition, there exist K and N  such that  ݊ ൒ ܰ will assure that 2௡ ൒ ܭ ⋅ ݊!.  But 2௡ ൒ ܭ ⋅ ݊! ⇔ ଵ௄ ൒ ௡!ଶ೙ ൌ ଵଶ ⋅ ଶଶ ⋅ ଷଶ⋯ ௡ଶ ൒ ௡ସ, for all n , a contradiction.   
 
4.6#19: Prove that if ݂:Գ → Թାand k > 0, then ݂݇ሺ݊ሻ ∈ Θ൫݂ሺ݊ሻ൯. 
Proof:  This is kind of obvious: just take ܭଵ ൌ ଶܭ ൌ ݇.  Then ܭଵ݂ሺ݊ሻ ൑ ݂݇ሺ݊ሻ ൑  .ଶ݂ሺ݊ሻܭ
 
4.6#20: Prove that if ݂ሺ݊ሻ is a polynomial of degree p with all non-negative coefficients, then ݂ ∈ Θሺ݊௣ሻ.   
Proof:  Since ݊ ൒ 1,  ൫ܽ଴ ൅ ܽଵ ൅ ⋯൅ ܽ௣ିଵ൯ ቆ 1ܽ௣ቇ ܽ௣݊௣ ൌ 	 ൫ܽ଴ ൅ ܽଵ ൅ ⋯൅ ܽ௣ିଵ൯݊௣ିଵ ൒ ܽ଴ ൅ ܽଵ݊ ൅⋯൅ ܽ௣ିଵ݊௣ିଵ 

This shows that ܽ଴ ൅ ܽଵ݊ ൅ ⋯൅ ܽ௣ିଵ݊௣ିଵ ∈ ࣩሺܽ௣݊௣ሻ.  We know that if ݃ሺ݊ሻ ∈ ࣩሺ݂ሺ݊ሻሻ then ݂ሺ݊ሻ ൅ ݃ሺ݊ሻ ∈ࣩ൫݂ሺ݊ሻ൯ so we conclude that ܽ଴ ൅ ܽଵ݊ ൅ ⋯൅ ܽ௣ିଵ݊௣ିଵ ൅ ܽ௣݊௣ ∈ ࣩሺܽ௣݊௣ሻ.  Now by problem #19 above, we 
are done. 
 
4.6#24: An urn contains n distinct  balls. 
(a) Give a big-Θ estimate for the number of ways to draw a sequence of 3 balls with replacement. 
SOLN:  Since the number of ways to do this is ݊ሺ݊ሻሺ݊ሻ which is polynomial of degree 3, this is Θሺ݊ଷሻ	
(b) Give a big-Θ estimate for the number of ways to draw a sequence of 3 balls without replacement. 
SOLN:  Since the number of ways to do this is ݊ሺ݊ െ 1ሻሺ݊ െ 2ሻ which is polynomial of degree 3, this is Θሺ݊ଷሻ 
(c)   Give a big-Θ estimate for the number of ways to draw a sequence of n balls without replacement. 
SOLN:  This is exactly n! ∈ Θሺ݊!ሻ.  	
 
 
 
4.6#28: A certain algorithm processes a list of n elements.  Suppose that Subroutinea requires ݊ଶ ൅2݊	operations and subroutineb requires 3݊ଷ ൅ 7 operations. Give a big-Θ estimate for the number of 
operations performed by the following pseudocode segment. 
 
for i∈ ሼ1,2, … , ݊ሽ do 
    Subroutinea 
    Subroutineb 
 
SOLN:   Subroutineb requires the higher order number of operations, so we can ignore Subroutinea.   
Occurs n times, the pseudocode segment requires   ݊ሺ3݊ଷ ൅ 7ሻ ∈ Θሺ݊ସሻ operations. 
 
 
4.6#30: Prove that if ݂, ݃: Գ → Թା then ݂ ∈ ࣩሺ݃ሻ ⇔ ݃ ∈ ࣩሺ݂ሻ. 
Proof:  Suppose ݂ ∈ ࣩሺ݃ሻ.  Then there exist positive numbers K and N such that ݂ሺ݊ሻ ൑ ݊ ሺ݊ሻ for all݃ܭ ൒ ܰ.  
Let ܭᇱ ൌ ݊ Then for all  .ܭ/1 ൒ ܰ,  ݃ሺ݊ሻ ൒ ݃  ሺ݊ሻ, so݂′ܭ ∈ Θሺ݂ሻ.   
Similarly, if ݃ ∈ ࣩሺ݂ሻ.  Then there exist positive numbers K and N such that ݃ሺ݊ሻ ൑ ݊ ሺ݊ሻ for all݂ܭ ൒ ܰ.  Let ܭᇱ ൌ ݊ Then for all  .ܭ/1 ൒ ܰ,  ݂ሺ݊ሻ ൒ ݂  ሺ݊ሻ, so݃′ܭ ∈ Θሺ݃ሻ.   
 


