Math 15 — Discrete Structures—Homewor k 20 Solutions—5.3

5.3#14: Consider the following way of sorting an array X with n elements.

(@

Put the elements of X into a binary search tree.
Do an InOrder traversal of your tree.

Approximate the average-case complexity of thisalgorithm. (For the average case, assume
that you get a balanced binary search tree. Don’t bother with the definition of average case
complexity.)

SOLN: Recall the definition of abinary search tree:

Let Sbe aset that istotally ordered by <. Then abinary search tree on Sis

B1. The empty tree, or

B,. A singlevertex, r € S. Inthiscaser istheroot of the tree.

R.If 77 and T, are binary search trees with rootsr; and r,, respectively, and if a < r for all
nodesa € 7; andr < b for al nodes b € T,, then the tree

Is abinary search tree with root r.

Recall the InOrder (T') traversal function, starting with the two base cases:
Bi. If T isthe empty tree, InOrder () =" (the empty listing).
B,. If T isthesinglenoder, then InOrder (T)="r".
R. If T hasroot r and subtrees 7; and 7,, then
InOrder (7)) =“InOrder (J;) ,f,InOrder (7;)”
where the commas are part of the listing unless 7; or 7, is empty.

Evidently, the InOrder () traversal will visit every node exactly once, so it has complexity
©(n). To placethe n elements of X in the tree will require c; + ¢, + -+ + ¢, comparisons,
where c; isthe number of edges between the root and the position where x; ends up —thisis
also the depth of the node. Suppose the tree ends up balanced then there were be no
comparison for the root node, one comparison for the 2 nodes at depth 1, 2 comparisons for
the 4 nodes at depth 2, and so on. So for a balanced tree of depth p, the number of
comparisonsisC =7 2'-i=1-0+2-1+4-2+8-3+--+2P-p. Afull binary tree



with depth phas ¥7_, 2¢ = 2P*! — 1 nodes so we can take this as kind of aworst case, and
assumen = 2Pt & p ~ p + 1 =~ log, n so the number of comparisons goes like
Cr~1-0+2-1+4-2+8-3+-+>-logyn>>-log,n.
Also,C~1-0+2-1+4-2+8-3+-+-logn
n
< 1-log271+-2-log271+-4-log211+-8-log271+-~-+—E-log2n

=(1+2+4+8+m+§ﬁ%hnSn-b&n
So that%log2 n < C <n-log, nwhich showsthat C € ©(n - log, n). Putting these together then

we see the average-case complexity of the sorting algorithm is approximately @(n + n - log, n) =
O(n - log, n).

(b) Compute the worst case complexity for this algorithm. (Hint: The worst case occurs when
the array isin order to begin with!)
SOLN: If thearray isin order to begin with then the binary tree becomes aroot with only left

children all the way down...no branches — sort of the opposite of afull binary tree. This

means that the depth is n — 1 so the first part of the sorting algorithm requires YX1-;' i = —"(nz_l)

comparisons and the worst case complexity isthus ©(n?).

5.3#16: In this problem we will approximate the complexity of Prim’s algorithm for finding a
minimal spanning tree of a network V':
Preconditions: N 1is a connected network
Postconditions: 7 is a minimal spanning tree
T < vie,v;, where e; is the shortest edge of WN.
while T does not contain all of N'’'s vertices
e « the shortest edge between a vertex in T and a vertex not in 7.
Add edge e and the new vertex to 7.

Let the input size n be the number of verticesin V.

(a) Suppose that no vertex has degree greater than 5. Use Euler’ s theorem (the sum of the degrees of
the vertices of G equal s twice the number of edges) why the number of edges in the minimal
spanning treeis at most alinear function of n.

SOLN: Suppose G has |E| edges. Euler’s theorem says the sum of the degrees of the verticesis 2|E|

s02|E| < 5n & |E| < 2n, 0 |E| € O(n).

(b) Approximate the worst-case number of comparisons needed for this part of Prim’s algorithm:
e « the shortest edge between a vertex in T and a vertex not in 7.

SOLN: The agorithm to find the max of a set of n elementsis O (n). Sincethere are O(n) edges, the
worst case number of comparisons for thislineis O (n).

(c) Give an approximate big-O estimate for the worst-case complexity of Prim’s algorithm.

SOLN: The algorithm calls the line above at most once for each vertex, so the worst-case complexity
isO(n?).

5.3#22: Find the best-, worst-, and average-case values for rolling two standard six-sided dice.

SOLN: Best =2, worst = 12, average:6-i+215<=1% =7






